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Schrodinger operator

Notation

simply connected domain of R? or R3

non-vanishing magnetic field

magnetic potential satisfying curlA = B
>0 semi-classical parameter

S>>0

Semiclassical Magnetic Laplacian

Hp(A,Q) == (—ihV +A)®>  on Q

with magnetic Neumann boundary condition on 092
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Schrodinger operator

Notation
simply connected domain of R? or R3
non-vanishing magnetic field
magnetic potential satisfying curlA = B
>0 semi-classical parameter

SO

Semiclassical Magnetic Laplacian

Hp(A, Q) := (—ihV + A)?>  on Q

with magnetic Neumann boundary condition on 02

H(A,Q) = (—iV + A)?
Hy(A, Q) : positive and self-adjoint
» If Q is lipschitz and bounded, Hx(A, ) has compact resolvent

v

v

» If I is invariant by dilation and A is linear, by scaling X = \/%x,

Hy(A,TT) = h H(A, )
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Schrodinger operator

Gauge invariance

Proposition (Gauge invariance)
The eigenvalues of Hy(A, Q) only depends on the magnetic field

B = curl A

Let A\4(B,Q2) be the smallest eigenvalue of H,(A, Q) and v, a normalized
associated eigenvector

(—ihV + A2y = Ap(B, Qo in Q
n-(—ihV + A), =0 on 02

Remark. e~"%/"4);, is an eigenfunction of H,(A + V6, Q) for Ay(B, Q)
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Schrodinger operator

Spectrum

Rayleigh quotients

_ anl[A QI(F)

Zi[A, QJ(f) = f € Dom(gn[A, Q) f #0,

1y

where an[A, Q)(F) = ||[(—ihV + A)f||i2(ﬂ)
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Schrodinger operator

Spectrum

Rayleigh quotients

_ anl[A QI(F)

Zi[A, QJ(f) = f € Dom(gn[A, Q) f #0,

1y

Min-max principle

(B, Q) = min { 24[A, QI(f), f € Dom(qs[A, )\ {0}}
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Schrodinger operator

Spectrum

Rayleigh quotients

_ anl[A QI(F)

Zi[A, QJ(f) = f € Dom(gn[A, Q) f #0,

1y

Min-max principle
(B, Q) = min { 24[A, QI(f), f € Dom(qs[A, )\ {0}}

Persson Lemma
Eess(B, M) bottom of the essential spectrum of H(A, )

T(H(A,M),r) = inf { ZIA, (1), f € C3(MNCB,)\ {0} }
0 Eess(an)

r——+o00
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Schrodinger operator

Spectrum
Rayleigh quotients

_ an[A QI(F)

2u[A,Q)(f) = f € Dom(gx[A,Q]), f #0,

1oy

Min-max principle
An(B, Q) = min {Qh[A,Q](f), f € Dom(gx[A,Q]) \ {O}}

Persson Lemma
Ecss(B, M) bottom of the essential spectrum of H(A, )

T(H(A.N),r) = inf { 2[A,T](F), f € C*(TNCB,)\ {0} ]
— Eess(B, )

r—+o00
Objectives
determine the influence of the geometry of Q, the regularity of A on the
asymptotics of (Ay(B,Q),4,) as h — 0
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2D Schrodinger operator

Polygonal domain

curvilinear polygonal domain
set of vertices of Q

regular scalar magnetic field
associated magnetic potential

>3O

Aim: determine the asymptotics of \,(B, Q)
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2D Schrodinger operator

Polygonal domain

curvilinear polygonal domain
set of vertices of Q2

regular scalar magnetic field B=1
associated magnetic potential A= (0,x)

>3O

Aim: determine the asymptotics of \,(B, Q)
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2D Schrodinger operator

Polygonal domain

curvilinear polygonal domain
set of vertices of Q2

regular scalar magnetic field B=1
associated magnetic potential A= (0,x)

>3O

Aim: determine the asymptotics of \,(B, Q)

Model Energy
H(A,R?) E(B,R?)=1
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2D Schrodinger operator

Polygonal domain

curvilinear polygonal domain
set of vertices of Q
regular scalar magnetic field B
associated magnetic potential A=(0,x)

Aim: determine the asymptotics of \,(B, Q)

Model Energy
H(A,R?) E(B,R?)=1
H(A,R%) E(B,R3) =0 ~ 0.59

cf. [De Gennes 63, Dauge-Helffer 88, BN12]
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2D Schrodinger operator

Polygonal domain

curvilinear polygonal domain
set of vertices of {2
regular scalar magnetic field B
associated magnetic potential A=(0,x)

>3O

Aim: determine the asymptotics of \,(B, Q)

Model Energy
H(A,R?) E(B,R?)=1
H(A,R%) E(B,R3) =0 ~ 0.59

cf. [BNO3, BNO5, BN-Dauge-Martin-Vial 07]
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2D Schrodinger operator
Asymptotics
Stratification of Q
Q:QU(U e)U(U v)
ec¢ vey

with & and U: the set of edges e and vertices v of Q
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Q

2D cases
O0@0000

2D Schrodinger operator

Asymptotics

=Qu(|Je)u(lJ v)

ec¢ vey

with € and U: the set of edges e and vertices v of Q

For any x € Q, let I, be its tangent cone

3D cases

0000000000000

Dimension | x € Q | Model geometry for Ny | E(B, My)
2D Q plane R? 1
e half-plane R? ©o

v angular sector S, p(a(v))
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Stratification of Q

with € and U: the set of edges e and vertices v of Q

2D Schrodinger operator

2D cases
O0@0000

Asymptotics

Q:QU(U e)U(U v)

ec¢ vey

For any x € Q, let I, be its tangent cone

Dimension | x € Q | Model geometry for M, | E(B, M)
2D Q plane R? 1
e half-plane R? ©9

v angular sector S, w(a(v))

Lowest local energy

&(B,Q) = inf E(B(x), )

xeQ

3D cases
0000000000000
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2D Schrodinger operator

Asymptotics

Q=qu(|Je)u(lJ v)

ec¢ vey

For any x € Q, let I, be its tangent cone

3D cases
0000000000000

Dimension | x € Q | Model geometry for N, | E(B, M)
2D Q plane R? 1
e half-plane Ri ©o

v angular sector S, w(a(v))

Lowest local energy
£(B, Q) = inf E(B(x), )

xeQ /

Let

b = inf |B(x)| and b = inf |B(x)]

xeQ x€00

then

&(B,Q2) = min (b, Ao, ‘rlréLg \B(v)m(a(v)))
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2D Schrodinger operator

Asymptotics

Let
b= inf |B d b = inf |B
inf B an inf [B(x)
then
&(B,Q) = min (b, b, n;g B(v)|u(a(v)))
Theorem

Assume b # 0, then
—Ch5/% < M\y(B,Q) — h&(B,Q) < ChY/®
If minyear [B(v)|p(a(v)) < min(b, ©gb'), then
IAn(B,Q) — h&(B, Q)| < Ch*/?

cf. [BN 05]
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2D Schrodinger operator

Polygons with straight edges

Theorem
Let B =1, then there exist C > 0 and B > 0 such that

(B, Q)

- = &(B,9)| < Cexp(—h1/?)

3D cases
0000000000000

cf. [BN-Dauge 06]



Introduction 2D cases 3D cases
[e]e]e} 00@000 0000000000000

2D Schrodinger operator

Polygons with straight edges

Theorem
Let B =1, then there exist C > 0 and 8 > 0 such that

MBS o@(s,n)' < Cexp(—Bh112)

cf. [BN-Dauge 06]

0.45|

(1

]
&
o
&

20 W0 50 80 100
B

Equilateral triangle square rhombus trapezoid

h_l)\h’k vs. h~t

cf. [BN-Dauge-Martin-Vial-07]
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2D Schrodinger operator

Polygons with straight edges

cf. [BN-Dauge-Martin-Vial 07]
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Angular sectors

Eigenvalues

So = {Xx €R?,x; > 0, |x2| < xq tan St A(x):(f%,%)
H(A,S,) : Neumann realization of —(iV + A)? on S,

= i 2(A, S,
Mk(a) W1¢T?‘4>’(k71 WG[W1T.I,r:IJk,1]i (77 )
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Angular sectors

Eigenvalues

So = {Xx €R?,x; > 0, |x2| < xq tan St A(x):(f%,%)

H(A,S,) : Neumann realization of —(iV + A)? on S,

«) = max min 2(A
Mk( ) Vi,V Ve[V, Wy q]+ (7

+Sa)

3D cases
0000000000000

— Essential spectrum

Upper bound

— Lower bound

*_Numerical estimates

ol /
Theorem 05
1. Eess(Ba Su) =0 = [1,1(7'(') 0.4f
Persson’s lemma 03
= half-plane model 02f
E(B.R%) = 6
% 02

cf. [Jadalalh, Pan, BoO5a, Alouges-BN 06, BN-Dauge-Martin-Vial 07]

0.4

0.6

0.8

1

pi(a) vs. 2, & €(0,1.2)
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Angular sectors

Eigenvalues

3D cases
0000000000000

So = {Xx €R?,x; > 0, |x2| < xq tan St A(x):(f%,%)

H(A,S,) : Neumann realization of —(iV + A)? on S,

() = max min 2(A,S,)

Vi, Ve WeWy,.L Wy ]

Theorem

1. ECSS(Ey Sa) - eo = /1,1(7'(') 0.5¢
2. For any a € (0, 7), o4

0.3r

© I
< pi(a) < « o2
T

o \@ 01f

— Essential spectrum
— Lower bound
*_Numerical estimates

Upper bound

[

3. Forany a € (0, 5], p1(ar) < ©p o

m(a)
cf. [Jadalalh, Pan, BoO5a, Alouges-BN 06, BN-Dauge-Martin-Vial 07]

0.4 0.6

vs., &, &
T

0.8 1

€(0,1.2)
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Angular sectors

Eigenvalues

So = {Xx €R?,x; > 0, |x2| < xq tan St A(x):(f%,%)
H(A,S,) : Neumann realization of —(iV + A)? on S,

= i 2(A, S,
) = max ™, 2R Sa)

osf [

os}
Conjecture 0af
a— pi(a) is 03

0.2r

increasing from (0, 7] onto (0, ©q]

— Essential spectrum
~— Upper bound

0.1
— L bound
equal to ©g for o € [, 2m) [ Nomerioa esimaes
00 0.2 0.4 0.6 0.8 1

pi(a) vs. 2, & €(0,1.2)
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Angular sectors

Eigenvectors

Theorem
Let oo € (0,27) and k > 1 be such that p(a) < ©q
Let W be a normalized eigenfunction associated with (i («). Then

Ve > 0,3Ce.q,

exp (/@0 — ula) — ) IX|) wi

< Cs,oz

H (S0)

a=0.1r a = 0.357

cf. [Bo05a,BN-Dauge-Martin-Vial 07]
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Angular sectors

Small angles

Theorem

1. For any n, there exists (m;)j<n such that

n
« .
pa(a) = % + Z mja21+1 + Op(a®3) as a—0
j=1
0.6 //'Z“":}// 4 Z 4
0.5
2. Forany k> 1, o
. pk(a) 2k—=1 03
lim &4~~~ =—"__~
a—=0 V3 02
0.1 — Essential spectrum
cf. [Bo05a,BDMVO07] —— Asymptotics
; ©_Numerical
% 0.05 0.1 0.15 0.2

pr(a) vs. &, k=1,...,6, £ €(0,0.2)
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Taxonomy

Tangent cones
Stratification of Q
Q:QU(U f)U(U e)U(U v)
fes ece vey

with §, € and U: the set of faces f, edges e and vertices v of (2

For any x € Q, let I, be its tangent cone

half-space R3.
infinite wedge W, = S, x R
3d cone €

Dimension | x € | Model geometry for I,
2D Q plane R?
e half-plane R%
v angular sector S,
3D Q space R3
f
e
v
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Taxonomy

Tangent cones
Stratification of Q
Q:QU(U f)U(U e)U(U v)
fes ec¢ vey

with §, & anﬂ 0. the set of faces f, edges e and vertices v of Q
For any x € Q, let Iy be its tangent cone

Dimension | x € Q | Model geometry for M,
3D Q space R3
f half-space Ri
e infinite wedge W, = S, x R
v 3d cone €

Remark

o Q polyhedral: all the tangent cones are straight (no curvature)

o More general corner domains: the tangent cone has curvature
(unbounded)

Example : circular cone
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2D cases
000000

3D cases
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Taxonomy
Local ground energy
cQ
tangent cone at x
magnetic field B frozen at x
x linear approximation of A at x so that curl A, = By

x

> WX
x

Remark. By scaling Y = \/%y,

Hi(Ag, ) = h H(Ag, )
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X

My
By
A

X

2D cases
000000

Taxonomy
Local ground energy
9]
tangent cone at x
magnetic field B frozen at x
linear approximation of A at x so that curl A, = By

Remark. By scaling Y = \/%y,

Hp(Ax, My) = h H(A, )

Definition (Local ground energy)

3D cases
O@00000000000

E(By, Ny): bottom of the spectrum of the tangent operator H(Ay, )
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3D cases
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Taxonomy
Local ground energy
x €Q
My tangent cone at x
Bx, magnetic field B frozen at x
A, linear approximation of A at x so that curl A, = By

Definition (Local ground energy)
E(By, INy): bottom of the spectrum of the tangent operator H(Ay, M)

We define the lowest local energy

&(B,Q) := inf E(By, )
xEQ
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3D Schrodinger operator

Polyhedral and corner domains

Theorem
Let Q, A such that B = curl A does not vanish on Q
Then there exist C(2) > 0 and hy > 0 such that Yh € (0, hg)

o IFA € W22(Q)

-

1

ol

Cao(1+ [|A[%.. o ( )) , S corner domain

h
Ca(1+ 1Al ) 5

slor =

, S polyhedral domain

cf. -[BN-Dauge-PopofF46]
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3D Schrodinger operator

Polyhedral and corner domains

Theorem

Let Q, A such that B = curl A does not vanish on Q

Then there exist C(2) > 0 and hy > 0 such that Yh € (0, hg)
o IfA € W?>(Q)

-

1

ol

. Q corner domain

a1+ 1Ay )
M(B.Q) — h&(B. Q)| <
24(8. ) ~ k(B ”—{ a1+ Ao~ )

slor =

, S polyhedral domain
o IfA € W3>(Q)

Col(l + A 2 o (Q h%, € corner domain
CQ (1 + HAHW&OO(Q)) h3 Q po/yhedra/ domain

cf. -[BN-Dauge-PopofF46]
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3D Schrodinger operator

Polyhedral and corner domains

Theorem
E.ss(B, My) bottom of the essential spectrum of H(A,Ty)
» If there exists a vertex v of Q such that

&(B,Q) = E(B,N,) < Ews(B, 1)

)

then \y(B,Q) < h&(B, Q) + C h*/2|log h|

3D cases
00O®0000000000

cf. [BN-Dauge-Popoff 16]



Introduction 2D cases 3D cases
[e]e]e} 000000 00O®0000000000

3D Schrodinger operator

Polyhedral and corner domains

Theorem
E.ss(B, My) bottom of the essential spectrum of H(A,Ty)
» If there exists a vertex v of Q such that

&(B,Q) = E(B,N,) < Ews(B, 1)

)

then \y(B,Q) < h&(B, Q) + C h*/2|log h|
» If the lowest local energy is attained at vertices only, i.e.

&(B,Q) < inf E(B,MN,),
x€Q\Y
then |\p(B,Q) — h&(B,Q)| < Ch*? as h—0

and the corresponding eigenfunction concentrates near the vertices v
such that &(B,Q) = E(B,T1,)

cf. [BN-Dauge-Popoff 16]
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Space and half-space
Full space
N=R*® and B=(1,0,0)

Then
E(B,R*) =1

3D cases
O00@000000000
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Space and half-space

» Full space
N=R*® and B=(1,0,0)

Then
E(B,R) =1

» Half-space

N=R?>xR, ={xecR3 x3 >0}
B, = (0, cosd,sin0)

Then

E(By,R?* x Ry) = o(f)

0 — o(0) continuous and increasing on ~ ° " ™

[0, %] with O’(O) = @0 and O’(g) =1 cf. [Lu-Pan 00, Helffer-Morame 02, BDPR12]



Introduction 2D cases
[e]e]e} 000000

Circular cones

Magnetic field along the axis
Co={xeR3 x3>0, x3+x3 <x3tan’a}

B(x)=(0,0,1),  A(X) = i(—xzx1,0)

E,(B,CS)  n-th eigenvalue of H(A.C?)

3D cases
0000800000000
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[e]e]e}

000000

Circular cones

Magnetic field along the axis

Co={xeR3 x3>0, x3+x3 <x3tan’a}
B(x) = (0,0,1),  A(x) = (—xz,x1,0)

E,(B,CS)  n-th eigenvalue of H(A.C?)

Theorem

»  Essential spectrum
Eess(A,Co) =0(a) € (©g,1]
Persson’s lemma = half-space model

E(By,R* xRy) = o(a)

cf. [BN-Raymond 13]

3D cases
0000800000000
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Circular cones

Magnetic field along the axis

Co={xeR3 x3>0, x3+x3 <x3tan’a}
B(x) = (0,0,1), A(x) = 3(—x2,x1,0)

E,(B,C2)  n-th eigenvalue of H(A.C?)

Theorem

»  Essential spectrum

Eess(A,C) =0(a) € (Oo,1]

»  Eigenvalues

E.(B,C2) = a+ 0(a®) as a—0
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Circular cones

Change of variables

Using a dilatation in spherical coordinates

(x1,%2,X3) = rfl/z(tcosﬁsin agp, tsindsinap, tcosap)
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Circular cones

Change of variables

Using a dilatation in spherical coordinates
(x1,%2,%3) = o Y2(tcosfsin ap, tsinfsinay, tcosayp)
we consider the operator 91

2
1 1 sin ap 1

M = = D, t’Dy+——5— (D t2 ———Dy,si D
2 t+t2sin2a<p < 0 2 ) +a2 t2sin v SINaPLy

on L2(P, dji) with dji = t2sin ap dt df dp and

P={(t,0,p) €R? t>0, 0€(0,27), ¢ €(0,3)}
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Circular cones

Change of variables

Using a dilatation in spherical coordinates
(x1,%2,%3) = o Y2(tcosfsin ap, tsinfsinay, tcosayp)
we consider the operator 91

sin? ap 2 1
¢ ———D,sinapD
2a ) +a2 t2sinap 7 nawte

1 1
M = S Dt? Dyt ———— (D +
g2 t2sin® ap ’

on L2(P, dji) with dfi = t?sinapdtdf dp and
P={(t,0,9) €R®, t >0, 0 €(0,21), p € (0,3)}

We have
sp(H(A,C.)) = asp(In®)
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Circular cones

Change of variables

Using a dilatation in spherical coordinates
(x1,%2,%3) = o Y2(t cos Osin ap, tsinfsinay, tcosayp)
we consider the operator 91

1

Qﬁa — ?Dtt2Dt+

sin? o : 1
4 t2> D, sinapD,

1
t2sin® ap ( 0 2w a? t?sinagp
Using the Fourier series, we consider the family of 2D-operators, m € Z

) 2
sin® awp 1 .
— m t2 +7Dyﬂsm (IQD;
t2sin” aup 2a

a? t?sinagp
on L2(R, du), du = t?sinapdtdy and

1
Ma,m = ?Dtt2Dt+

R={(t,p) ER?, t>0, pc(0,3)}
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Circular cones

Numerical simulations

L L L L L L L L L -
0 001 002 003 004 005 006 007 008 009 01 0 0t 02 03 04 05 06 07 08 09
alm alm 10

An(,0) vs. ¢, ¢ € (0,0.1) An(a,0) vs. &, 2 € {5 1< k <10}
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Circular cones

Asymptotic expansion

. 2
sin? ap 5 1

t R DT
2a a® t?sinagp

1 1
My m = — D t2D D, sin oD,
v 2 f t+t2sin2 agp <m+ w SN 005

We first look for quasi-modes for 9, .
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Circular cones

Asymptotic expansion

2

1 1 sin? o 1
Mem = — Dit* De+—— <m+ ”’“9) +
t t2sin” ap

ple) a? t?sinagp
We first look for quasi-modes for 9, o. We write

Moo ~ o CM_g + "My + Z (12j§)i)?j

jz1

where

2.2

3D cases
O000000@00000

D, sinapD,

1 N |
mi,l = ——0, gp(?w, mo = —ﬁatt at + T + 3?30890

©
t2p
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Circular cones

Asymptotic expansion

We first look for quasi-modes for M, 9. We write

E)JT(%O ~ (\729)?_1 + (1OE)JTO + Z (12jimj
jz1

where

1. 1, 5,  ¢t2 1
M_1 = f%dpga@@, Dﬁo = —ﬁﬁtt dt —+ T + @@aw

We look for quasi-eigenpairs expressed as formal series

¢~Z(\2jwj, /\N(\72)\_1+(\0)\0—|—Z(w2j/\j

j=0 j21

so that, formally, we have

‘»ma,0¢ ~ >\¢
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Circular cones

Asymptotic expansion

Theorem
For all n > 1, there exist ag(n) > 0 and a sequence (vj,n)j>0 such that,
for all oo € (0, ap(n)), the n-th eigenvalue exists and satisfies

; 4n—1
© ‘ § ~e - _
EI7(§‘C(\) (\’\;0 a : Yj,nQ ™, YO,n = 5/2

j=>0

-+ asymptotics expansion for the eigenfunctions

cf. [BN-Raymond 13 & 15]
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Circular cones

Asymptotic expansion

Theorem

For all n > 1, there exist ag(n) > 0 and a sequence (vj,n)j>0 such that,
for all & € (0, g(n)), the n-th eigenvalue exists and satisfies

: 4n—1
o 2 PO
En(B:C(\) {\”\;0 O,Z Yj,n& J? 0,n — 25/2
j=>0
-+ asymptotics expansion for the eigenfunctions
Remark
3 E(B,C? E(B, S, 1
0530~ —— = |im M < lim Q = — ~0.577
25/2 a—0 o a—0 « \/§

cf. [BN-Raymond 13 & 15]
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Circular cones

Influence of B
C2 ={x€R3 x3>0, x> +x3 <x2tan?a}
B; = (0,sin 3, cos j3)
A; = %(X3 sin 8 — xp cos 3, x cos 3, —xy sin ()

E,(Bj.C3) n-th eigenvalue of H(A;.C2)

cf. [BN-Raymond 15]
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Circular cones

Influence of B

Co={x€eR3 x3>0, x§+x3 <x}tan’a}

oo
\

= (0, sin 3, cos 3)

>

= %(X3 sin 8 — xp cos 3, x cos 3, —xy sin ()

E.(B;.CL) n-th eigenvalue of H(A,.C2)

Theorem

> Ees(Ag,Co) € (O, 1]

» For all n > 1, there exist ap(n) > 0 and a sequence (VEn)jZO such
that, for all o € (0, ap(n)), the n-th eigenvalue exists and satisfies

o 53 ; 4n—1 Y
E"(EJ‘ C(\,) ~L e Z 7j-jn(lj‘ r\r’Oj.n - W 1+ Sm2 B

a—0 -
j=>0

cf. [BN-Raymond_15]
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2D cases
000000

3D cases
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Circular cones

Influence of B

Co={x€eR3 x3>0, x§+x3 <x}tan’a}

oo
\

= (0,sin 3, cos 3)

1>

= %(X3 sin 8 — xp cos 3, x cos 3, —xy sin ()

E.(B;.CL) n-th eigenvalue of H(A,.C2)

Theorem

> Eeo(A5,C3) € (90, 1]

» For all n > 1, there exist ap(n) > 0 and a sequence (’Vf,,)jzo such
that, for all o € (0, ag(n)), the n-th eigenvalue exists and satisfies

: 4n—1
o B I} . /
En(BsC) ~ 0D W0 o= s \/1+sin® B

+ asymptotics expansion for the eigenfunctions

cf. [BN-Raymond5]
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Circular cones

Influence of B

Co={x€eR3 x3>0, x§+x3 <x}tan’a}

oo
\

= (0,sin 3, cos 3)

1>

= %(X3 sin 8 — xp cos 3, x cos 3, —xy sin ()

E.(B;.CL) n-th eigenvalue of H(A,.C2)

Theorem

> Eoee(A5,C2) € (O0,1]

» For all n > 1, there exist ap(n) > 0 and a sequence (an)jzo such
that, for all o € (0, ag(n)), the n-th eigenvalue exists and satisfies

o B i B 4n—1 . ‘
EH(E[% C(x) (\':O « Z ,\f'j.n(lj‘ "'}O.n o W 1 + S|n2 d

j=0

~B mini — i ~9 -
Jo,,» minimal when 3 =0 and in that case, 75, ; , =0

cf. [BN-Raymond-15]
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3D-cones
Notations
w bounded and connected open subset of R?
we = ew  sharp cone (e > 0)
Cow cone defined by
C, = {x— (x1,%2,%3) € R3: x3>0 and <X1, X2> € w}
X3 X3
B = (B1,B,,B3)" constant magnetic field
A associated linear magnetic potential, i.e., such that curlA =B

n-th Rayleigh quotient of H(A,C,)

E.(B,C,) = sup inf 2[A,C,](v)
ut,...,up—1€Dom(q[A,Cu]) u€luy,...,up_1]*
u€Dom(q[A,Cu])
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2D cases
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3D cases

0000000000080
Schrodinger operator on 3D-cones
Upper-bound of the Rayleigh quotients
Theorem
Normalized moments:
my = L “kdxyd
k = w| X1X2 X10AX2
Then
E,(B,w) < (4n—1)e(B,w)
with
e m 1/2
e(B,w) = <B2O2 + B 2 My + B%mo — 28182[771)
mo + my

cf. [BN-Dauge-Popoff-Raymond 15]
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Schrodinger operator on 3D-cones
Upper-bound of the Rayleigh quotients

Examples.

1. Circular cone w = B(0,p) Thus mg = mp = %

an—1 B2 12
Eq(B,C.,) < (4n — 1)e(B,w) = ”2 S |<2 +B2 +B§>
™

and m; =0
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Schrodinger operator on 3D-cones
Upper-bound of the Rayleigh quotients

Examples.

1. Circular cone w = B(0, p)

1/2
5 - +B§+B§>

— 2
E,(B.C.) < (4n—1)e(B,w) = 21— 1, /<] (823

If B=(0,sin3,cos3)" and p = tan &, thus C,, = C3 and

o 4n—1 o . 5
Ya € (0,7), E,(B,C2) < Wtan E\/l—f—sm B

in coherence with the asymptotics as & — 0 in [BN-Raymond 13 & 15]
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Schrodinger operator on 3D-cones
Upper-bound of the Rayleigh quotients

Examples.

1. Circular cone w = B(0, p)

4n—1 B2 1/2
E.(B,C,) < (4n —1)e(B,w) = HT % (23 + B2 + B§>

2. Rectangle w = [0, 0] x [—L, L]

- 272
En(B,Cw)§4n 1( 5 AL

1/2
BZLZ BZKZ
75 (B BB



Introduction 2D cases 3D cases

000000 O0000000000e0

Schrodinger operator on 3D-cones
Upper-bound of the Rayleigh quotients

Examples.

1. Circular cone w = B(0, p)

1/2
4n—1 B2
E.(B,C,) < (4n—1)e(B,w) = ”2 % ( 23 +B2+B2>

2. Rectangle w = [0, 0] x [—L, L]
3. Square w = [—£, (]

EA(B,C.) < "_I\C( +E32+|32>1/2
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Schrodinger operator on 3D-cones
Upper-bound of the Rayleigh quotients

Examples.

1. Circular cone w = B(0, p)

1/2
4n—1 B3
E.(B,C,) < (4n—1)e(B,w) = ”2 % ( 23 +B2+B2>

2. Rectangle w = [0, 0] x [—L, L]
3. Square w = [—£, (]

disc square

=~ 0.5642 7 ~ 0.5774
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Schrodinger operator on 3D-cones
Upper-bound of the Rayleigh quotients

Let
AB)={AcL(R®): O,A=0 and VxA=B}

Let ¢ real valued and only dependent on the x3 variable, then

glA.C.(p) = / A2 0(x5) 2 + [0 0(x5) lx

w
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Schrodinger operator on 3D-cones
Upper-bound of the Rayleigh quotients
Let
and V x A =B}

AB)={Ac LR} : O,A=0

Let ¢ real valued and only dependent on the x5 variable, then

alA, Col(v) = / [A() 2l (x3) [ + [0, 0 (x3) [Pdx

Cu

Change of variables X = (X1, X5, X5) = <§—1 % ><3>
alA.CAe) = [ (IAGORXEI) + 16/ (%)) XEax

ol / ((Xs)PX30Xs + Ao . /|so(x3)|2><§dx3
R+

Il = ] | 1o)X,
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Schrodinger operator on 3D-cones
Upper-bound of the Rayleigh quotients

Weighted space L.2 (R, ) := L?(R,x?dx)
Quadratic form p[A](uv) = [ (Ju'()[* + X u(x)]?) x*dx
on By (Ry) :={uel2(Ry): xucL2(Ry), v € L2(R,)}

Let A € A(B) and ¢ € By (R})
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Schrodinger operator on 3D-cones
Upper-bound of the Rayleigh quotients

Weighted space L.2 (R, ) := L?(R,x?dx)
Quadratic form p[A](uv) = [ (Ju'()[* + X u(x)]?) x*dx
on Bu(R,) = {u € I2(R,) : xu € 12(R,),u € L3(R,)}
Let A € A(B) and ¢ € By, (Ry)
Then

dacle) _ s Al
||S0||%2(cw) H‘PH%@(M) wl
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Introduction
[e]e]e}

Schrodinger operator on 3D-cones
Upper-bound of the Rayleigh quotients

glA,C.l(¢)  p[A(®) with )= [LYEE

||<P||i2(cw) B ‘|99H%3V(R+) jwl

Change of function v+ U := xu to eliminate the weight

3D cases
0000000000080

p[A](U)Z/ (VP + 2 U)P) dx and lullfs g, = U2,

Ry

= harmonic oscillator on R with Dirichlet condition at 0

Proposition

Let B be a constant magnetic field. Then for all n € N*, we have

4n—1
f A
B) || HL2(w)

En(B,C,) < in
jw| AcA(
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Schrodinger operator on 3D-cones
Upper-bound of the Rayleigh quotients

By linearity of A € A(B), we have necessarily A3(x) = Bixo — Boxg
Therefore

inf_||A]
AcA(B) .

w

1/2
12(w) = <B§Af2‘;/ 1A ][22 + /(lez - Bzx1)2<1><1<1><2>

with
A ={AN € L(R?): V,.,xA =1}
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Schrodinger operator on 3D-cones
Upper-bound of the Rayleigh quotients

By linearity of A € A(B), we have necessarily A3(x) = Bixo — Boxg

Therefore
1/2
+ /(Bp(z — BQX1)2(1X1(1X2>

inf  ||A|lr2) = ( B3 inf
AQZ(B)H (E® <3A’IPA/

with
A ={AN cLR?): Vy.,xA =1}

Proposition

MoMy — M2
A’IE&’ HA/HLZ = W with Mk = /u;X1X2 dX]_dX2

The minimizer is unique and given by

1 Ml —Mo X1
AO(lexz) M0+ Mo </\//2 —/\/71) <X2
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Schrodinger operator on 3D-cones
Upper-bound of the Rayleigh quotients

By linearity of A € A(B), we have necessarily A3(x) = Bixo — Boxg
Therefore

1/2
nf 1Al = <B§A,i2‘;/ A+ [ (Bxe = ngl)%xm)

AcA(B
with
A ={AN cLR?): Vy.,xA =1}
Proposition
E,(B,w) < (4n—1)e(B,w)
with

1

o 2 momy—m? 2 2 o 2
e(B,w)— B + B2m2 + Blmo 28182m1

3 mo+m

1 _
my, = — xlfxg kdxqdxo
|w| Jo
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Schrodinger operator on 3D-cones
Upper-bound of the Rayleigh quotients

By linearity of A € A(B), we have necessarily A3(x) = Bixo — Boxg
Therefore

1/2
nf 1Al = <B§A,i2‘;/ A+ [ (Bxe = ngl)%xm)

AcA(B
with
A ={AN cLR?): Vy.,xA =1}
Proposition
E,(B,w:) < (4n—1)e(B,w) ¢
with

1

o 2 momy—m? 2 2 o 2
e(B,w)— B + B2m2 + Blmo 28182m1

3 mo+m

1 _
my, = — xlfxg kdxqdxo
|w| Jo
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Schrodinger operator on 3D-cones
Essential spectrum
@  cylinderw xR
M, tangent cone to @ at x
Ground energy on substructures

&(B,®) = inf E(B,,)

XEW

Proposition

lim E..s(B,C..) = 6(B,D) >0

Since

E,(B,w.) < (4n—1)e(B,w) e —0ase —0
there exists an eigenvalue below the essential spectrum for € small enough
-+ corner concentration

cf._[BN-Dauge-Popoff-Raymond 15]
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