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This work was initially motivated by a paper of Yaniv Almog at
Siam J. Math. Appl. [AIm2]. The main goal is to show how some
non self-adjoint operators appear in a specific problem appearing in
superconductivity and to prove the non emptyness of the
spectrum. These results are obtained together with Y. Almog and
X. Pan [AlmHelPanl, AlmHelPan2, AImHelPan3]. Two more
papers have been written Almog-Helffer (cmp 2014),
Almog-Helffer-Pan (Submitted)
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The model in superconductivity

Consider a superconductor placed in an applied magnetic field and
submitted to an electric current through the sample. It is usually
said that if the applied magnetic field is sufficiently high, or if the
electric current is strong, then the sample is in a normal state. We
are interested in analyzing the joint effect of the applied field and
the current on the stability of the normal state.

To be more precise, let us consider a two-dimensional
superconducting sample capturing the entire xy plane. We could
have assumed also that a magnetic field of magnitude € is
applied perpendicularly to the sample but we take it here such that
curl He = 0. Denote the Ginzburg-Landau parameter of the
superconductor by x and the normal conductivity of the sample by
ag.
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The physical problem is posed in a domain 2 with specific
boundary conditions.

This will be discussed in Part C.

In this part, as in Part A, we continue to work in 2D and only
analyze limiting situations where the domains possibly after a
blowing argument become the whole space (or the half-space).
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Then the time-dependent Ginzburg-Landau system (also known as
the Gorkov-Eliashberg equations) is in (0, T) x R? :

{atw Pk O =Vopy+ k2 (1—[¢P)y, )

k2 curl 2A + 0 (A + V&) = kIm (YV ,.a0),

where 1) is the order parameter, A is the magnetic potential, ¢ is
the electric potential, and (¢, A, ®) also satisfies an initial
condition at t = 0.

Bernard Helffer (Univ. Nantes, CNRS and Univ Paris-Sud) Spectral problems



Stationary normal solutions

From (66) we see that if (0, A, ®) is a time-independent normal
state solution then (A, ®) satisfies the equality

k2 curl A+ oV =0, dvA=0 inRE. 2)

This could be rewritten as the property that
w2( curl A) +iocd

is an holomorphic function of z = x + iy.
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Results by Almog-Helffer-Pan: & affine

(66) has the following stationary normal state solution

K2)

A Ix+h)%, o=""Ty. (3)
o

1
= E(
Note that
curl A = (Jx+ h),

that is, the induced magnetic field equals the sum of the applied
magnetic field h and the magnetic field produced by the electric
current Jx .
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For this normal state solution, the linearization of (66) with
respect to the order parameter is

//£3Jy

Opth + Y= A(/——(Jx+h) o (2J) 2(Ux 4+ hY* + K21
(4)
Applying the transformation x — x — h/J and k = 1 for
simplification the time-dependent linearized Ginzburg-Landau
equation takes the form
0 1
(Z—L/ + /fyw = Atp — iJx? d;//) (ZJ2X4 — 1)1,/). (5)
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Rescaling x and t by applying

t— S5t (xy) = JB(xy), (6)
yields
Oru = —(Aoc — Nu, (7)
where 1
Ao = D2+ (D, + 5x2)2‘ +icy, (8)
and

c=1/0; A=J7 ul(x,y, t) = p(J 3%, 7By, J72B1) .

Bernard Helffer (Univ. Nantes, CNRS and Univ Paris-Sud) Spectral problems



Our main problem will be to analyze the long time property of the
attached semi-group.
We recall that

1 .
Ao = Df + (D, + §X2)2 +icy,

Theorem: Decay for the Airy-Montgomery operator

If ¢ #0, A= Ag, has compact resolvent, empty spectrum, and
there exist C, tg such that, for t > tg,

24/2
| exp(—tA)|| < exp(3|c|t3/2 + 34, (9)

We have also a lower bound using a quasimode construction.
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Around quantitative Gearhardt-Priss semi-group

The details for this part can be found in my book: Spectral theory and its applications in
Cambridge University Press (2013). The new results (in comparison with the standard
books in Semi-group theory) concern the so called quantitative Gearhardt-Priiss theorem
and have been obtained in collaboration with J. Sjéstrand (2010).

Definition: Accretive operators

Let A be an unbounded operator in # with domain D(A). We say
that A is accretive if

Re (Ax, x)3 >0, Vx € D(A). (10)

Proposition

Let A be an accretive operator with a domain D(A) dense in .
Then A is closable and its closed extension A is accretive.
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Once we have this proposition it is natural to ask for uniqueness of
this accretive extension. This leads to the following definition.
Definition

An accretive operator A is maximally accretive if it does not exist

an accretive extension A with strict inclusion of D(A) in D(A).

The following criterion, which extends the standard criterion of
essential self-adjointness is the most suitable.
Theorem

For an accretive operator A, the following conditions are equivalent

1. Ais maximally accretive.
2. There exists \g > 0 such that A* + \g/ is injective.

3. There exists A1 > 0 such that the range of A+ A1/ is dense in
H.
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Introduction to semigroups and around the Hille-Yosida
theorem

Let us start with simple natural definitions. If 7 is a Hilbert space,
a one-parameter semigroup of operators on H is a family of
operators indexed on the nonnegative real numbers { T()}:c(0 o0
such that

T(O)=1, T(s+t)=T(s)o T(t),¥t,;s>0.  (11)

Definition
The semigroup is said to be strongly continuous if, for any x € H,
the mapping t — T(t)x is continuous from [0, +oc| into .
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Using the semigroup property and the Banach-Steinhaus theorem,
it follows easily:

Proposition

If T(t) is a strongly continuous semigroup, then there exists
M >1 and wy € R such that T(t) has the property

P(M,wo): || T(t)]] < Me®t, t > 0. (12)

The infinitesimal generator of a one-parameter semigroup T is an
unbounded operator A, where D(A) is the set of the x € H such
that h~*(T(h)x — x) has a limit as h approaches 0 from the right.
The value of Ax is the value of the above limit.
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Basics on semigroup theory

Existence and uniqueness
Suppose that A generates a strongly continuous semigroup T (t)
on H. Then, for any ug € D(A), u(t) := T(t)up satisfies
1. ue CO(J0,+oo, D(A)) N CL([0, +oo], H);
2. U'(t) = Au(t), u(0) = u;
3. Au(t) = T(t)Auo .
Moreover the solution of the last equation is unique.
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Corollary

Under the same assumptions, for any f € C°([0, T[, ) and any
up € D(A), the unique solution of

U(t) — Au(t) = f(t),0< t < T, u(0) = up,

is given by
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The Hille-Yosida theorem provides a necessary and sufficient
condition for a closed linear operator A on an Hilbert space to be
the infinitesimal generator of a strongly continuous one-parameter
semigroup .

Hille Yosida theorem
Let A be a linear operator defined on a linear subspace D(A) of the
Hilbert space H, w a real number and M > 0.
Then A generates a strongly continuous semigroup T that satisfies
P(M,w), if and only if

1. D(A) is dense in #, and

2. every real A\ > w belongs to the resolvent set of A and for
such A and for all positive integers n

M

H()‘/ - A)inH < m

(13)
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The explicit statement of the Hille-Yosida theorem for contraction
semigroups is contained (case w = 0) in:

Theorem

Let A be a linear operator defined on a linear subspace D(A) of the
Hilbert space 7. Then A generates a continuous semigroup
satisfying P(1,w) if and only if

1. D(A) is dense in H

2. every real A > 0 belongs to the resolvent set of A and for such
A

(A= A)TH| < (14)

(A-w)
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What one can actually prove is that P(M,w) implies that every
z € C, such that Rez > w belongs to the resolvent set of A and
satisfies, for any n > 1,

M

(21 = A)"l] < (Rez—w)""

(15)

It is then natural to ask for a converse using the previous inequality
(with n = 1), this is true if one write the inequality for z € C.
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The Gearhart-Pruss theorem

We next state:
Gearhart-Priiss (GP) Theorem

Let A be a closed operator with dense domain D(A) and w € R.
Assume that ||(z — A)~!|| is uniformly bounded in the half-plane
Rez > w. Then there exists a constant M > 0 such that P(M,w)
holds.

Hence, the control of the decay of the associated semi-group
depends on the control of the norm of the resolvent in some
half-plane.
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Reformulation in terms of e-spectra

For a given accretive closed operator .4, we introduce for any
e>0,
a.(A)= inf Rez. 16
( ) ze¥(A) ( )

Here ¥ .(\A) is the e-pseudospectrum of A:
_ 1
(A= {2, iz = )7 > 2,

with the convention that ||(z — A)7!|| = +oc if z € o(A).
We also define

Wo(A) = lim %IogHexp—t.AH. (17)

t——+o00
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Gearhart-Pruss theorem reformulated
Let A be a densely defined closed operator in an Hilbert space X
such that — A generates a contraction semigroup and let a.(.A)
and Wp(A) denote the e-pseudospectral abcissa and the growth
bound of A respectively. Then

lim a.(A) = —0o(A) . (18)

e—0

This version is interesting because it reduces the question of the
decay, which is basic in the question of the stability to an analysis
of the e-spectra of the operator for ¢ small.
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Definition

wo = inf{w € R{z € C;Rez > w} C p(A) (19)
and SUPRe z>w ||(Z - A)il” < OO},
and for w > wy, let r(w) be defined by
1 -1
= sup |[|(z—A)""|. (20)

r(w) Rez>w

Then r(w) is an increasing function of w, w — r(w) > wp and for
W € [w— r(w),w] we have r(w') > r(w) — (w—w').
Moreover, if wy > —oo, then r(w) — 0 when w ™~ wp .
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The main result is due to Helffer-Sjostrand (2010) (see also
Mouhot):

Quantitative Gearhart-Priiss (QGP)

Under the assumptions of Theorem GP, let m(t) be a continuous
positive function such that:

m(t) > [|S(t)]]-
Then for all triple t,a,a > 0, such that t = a + a, we have

ewt

ISl 2wy < (21)

F(w)ll 5 lle=e t2(j0,a1) [l 35l e=- 2([0,3])

Above ||f|le-w12(j0,a) = 1€ F ()l 2(f0,2)) -
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Applications

The theorem is based on two assumptions: the existence of some
initial control by m(t) and the additional information on the
resolvent. For example, Hille-Yosida's theorem shows that we can
take m(t) = M exp@t, for some & > w, with actually M = 1. We
apply Theorem QGP with this m(t) and a =4 = . The term
appearing in the denominator of (21) becomes

Il ol e zqoay = 3 28, (22)
if 0 =w, and
- i ep(w-2)), (23)
2M2(G — w)

ifo>w.
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Proposition

Let 7(t) be a continuous semigroup such that P(M,@) is satisfied
for some pair (M, ) and such that r(w) > 0 for some w < @.
Then:

T ()] <M<1+W> expwt . (24)
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The case w =w =0

If we assume the control of the norm of the resolvent on Re z > 0,

we get N
2M

T(t)|] < ——

1T < e

Using the semigroup property shows that

~ N
2MN
1T < <r(0)t>

for any N > 1. Optimizing over N permits to deduce an
exponential decay of S(t) at oo.
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Return to equilibrium

We also have the following variant of the main result that can be
useful in problems of return to equilibrium.

GP theorem and spectral gap

Let w < w and assume that A has no spectrum on the line

Re z = w and that the spectrum of A in the half-plane Rez > w is
compact (and included in the strip w < Rez < w). Assume that
|(z — A)~!|| is uniformly bounded on {z € C; Rez > @} \ U, for
any neighborhood U of 0, (A) ;= {z € 6(A); Rez > w} and
define r(w) by

—~ = sup z— A
r(w) Rez=w H( ) H
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Then for every t > 0,
S(t) = S(t)N4 + R(t) = S(t)Ny + S(t)(1 —Ny),
where for all 2,3 > 0 with a+ a3 =t,

eat

IR(t)|| < —=
(@)l lle-a 20,2 15 =5 12(p0,27)
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(25)



Here I, denotes the spectral projection associated with o (A):

1
I_|+*

= — A) " ldz,
27”-.av(z ) dz,

where V is any compact neighborhood of o, (A) with C*
boundary, disjoint from o(A) \ o (A).
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Coming back to the analysis of models

After this reminder in semi-group theory, we come back to the
analysis of models but this time with boundary.
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Reminder on the complex Airy operator

Here we recall relatively basic facts coming from ... Martinet,
Almog, Bordeaux-Montrieux, Helffer, Henry, Almog-Helffer,
Almog-Grebenkov-Henry ... and discuss new questions concerning

estimates on the resolvent.
This will be a way to understand the more complicate situation of

the Montgomery-Airy operator
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The Airy solution

This is a specific solution Ai(x) of
D? + xu=0,

with the property that u tends to 0 at 0o (+ some normalization
at 0.

Alry functions

La fonction Ai est en rouge et Bi en vert
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The complex Airy operator on the line

Remark: The x here corresponds to the y in the previous slide.
This operator can be defined as the closed extension A" of the
differential operator AJ := DZ + i x on C5°(R). We observe that
AT = (Ay)* with Ay := D2 — i x and that its domain is

D(A") = {u e H*(R), xu € [3(R)}.

In particular A" has compact resolvent. It is also easy to see that
— AT is the generator of a semi-group S; of contraction,

S; = exp(—tAT). (26)
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Hence all the results of the theory of semi-groups can be applied
(see for example the book by Davies).
In particular, we have, for Re A < 0,

1

S e [ —— 27
L (27)

A very special property of this operator is that, for any a € R,
T, AT = (AT —ia) T, (28)

where T is the translation operator (T,u)(x) = u(x — a) .
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As immediate consequence, we obtain that the spectrum is empty
and that the resolvent of AT,

G (3 = (A" =)
which is defined for any A\ € C, satisfies
(AT = )7 = [I(AT —Re )71 (29)

The most interesting property is the control of the resolvent for
Re X > 0.

Proposition (W. Bordeaux-Montrieux)

As Re A\ — +00, we have

1650~ |/ 3R o (3(Re)

NIw

) _ (30)
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This improves a previous result on the Hilbert-Schmidt norm by
J. Martinet (see also the book Spectral Theory and its applications
by B. Helffer (last three chapters))

1Gg (MlHs = 195 (Re A)||s (31)

and

165 (s ~ VA (Re ) Fesp (SRen)t) . (@2)

as Re A — +4o0.

Here || - || s is the Hilbert-Schmidt norm.

This is consistent with the well-known translation invariance
properties of the operator A .
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The proof of the (rather standard) upper bound is based on the
direct analysis of the semigroup in the Fourier representation. We
note indeed that

d

]:(D2+/x) 52—d—§

(33)

Using the characteristic method for the evolution problem in the
Fourier side, we easily get:

3

FSF v mew(-t—&2 - DE+n),  (34)
and this implies immediately
[15e]| = expmax(—¢ t—&t? = o) =ep(-35)  (39)

12
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Note that this decay implies by Gearhart-Priiss theorem that the
spectrum is empty.

Then one can get an estimate of the resolvent by using, for A € C,
the formula

'JFOO
(A—N)1= / exp—t(A — A) dt. (36)
0

For a closed accretive operator, (36) is standard when Re A < 0,
but estimate (35) on S; gives immediately an holomorphic
extension of the right hand side to the whole space giving for
A > 0 the estimate

t3

oo
(A -2 < /O exp(At — 1) dt. (37)
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The asymptotic behavior as A — 400 of this integral is
immediately obtained by using the Laplace method and the
dilation t = \s in the integral.

In our case, everything can be computed explicitly. We observe
that:

P exp(—€2t 3§t2 — EYeMy(E + t)dt
;OC exp (T + A(s — E)) v(s)ds,

which gives effectively and expression of (A — \)~!
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Quasi-modes

The proof of the lower bound is obtained by constructing
quasimodes for the operator (LA — )) in its Fourier representation.
We observe (assuming A > 0), that
) e
d

2 ) —

(?5+5 —Au(&A) =0. (39)
Multiplying u(+; \) by a cut-off function x, with support in
] — VA 4oo[and xy = 1on]—+/A+1,+00[, we obtain a very
good quasimode, concentrated as A — +o0, around v/\, with an
error term giving almost! the announced lower bound for the
resolvent.

3
Eru(N) i=exp (2 + X — g)\

NIw

is a solution of

1One should indeed improve the cut-off for getting an optimal result:
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Coming back to the Montgomery-(Complex)Airy operator

The proof for the Montgomery-(complex)Airy operator is much
more difficult but some of the arguments are the same (for
example the translation argument). The proof of compactness of
the resolvent is reminiscent of Kohn's proof of the hypoellipticity
of the Hormander's operators in the form Zj ij -+ Xo which
reappear first in Helffer-Mohamed and later in the analysis of
Fokker-Planck operator (Helffer-Mohamed, Herau-Nier,
Eckmann-Hairer, Villani...).
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The complex Airy operator on the half-line: Dirichlet case

It is easy to define the Dirichlet realization of D? + ix on R (the
analysis on the negative semi-axis is similar). One can use for
example the Lax Milgram theorem and take as form domain

VO = {ue H{(R,), x2uc (2}
It can also be shown, that the domain is

DP ={ueVP ueH? xuell}.
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This implies the
Proposition

The resolvent G=P()) := (AP — \)~Lis in the Schatten class
CP for any p > % where A™P = D2 + jx and the superscript D
refers to the Dirichlet case.
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More precisely we provide the distribution kernel G—P(x, y; \) of
the resolvent for the complex Airy operator D? — ix on the positive
semi-axis with Dirichlet boundary condition at the origin (the
results for GTP(x, y; \) are similar). Matching the boundary

conditions, one gets

/a

27Tm [Al(elaW ) ( —iox WO)
—Ai(e " wy)A 0<x<y),
G20y N = { ey e P m0)] (0 <x <)
27Tm|:A1(e W) ( WO)
—Ai(e " wy)Ai(ewp)] (x> y),

where Ai(z) is the Airy function, wy, = ix + A, and o = 27/3.
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The above expression can also be written as
G P(x,yiA) = Gg (,yi A) + Gy Pl yi \), (41)

where G, (x,y; \) is the resolvent for the Airy operator D? — ix on
the whole line,

2rAi(e’wy)Ai(e " w,)  (x < y),

g(;(xay; )‘) = {Zﬂ'Ai(eiaWX)Ai(eiaWy) (X > }/), (42)
and
G P (x,yi ) = _2wmAi(e_ia(fX+)\)) Ai(e™"(iy +A))-

(43)
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The resolvent is compact. The poles of the resolvent are
determined by the zeros of Ai(e™'@)), i.e., A, = e'“a,, where the
ap are zeros of the Airy function: Ai(a,) = 0. The eigenvalues
have multiplicity 1 (no Jordan block).
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We have, as a consequence of the analysis of the numerical range
of the operator,

Proposition

[ OV

——  if Re\ g 44
_|Rc)\\’IRe <0; (44)

and

16PN <

, if FImA>0. 4
_\Im)\\/l:':m> (45)

Finally, if we want to apply Gearhard-Priiss theorem, we should
also prove that for Re A in a compact interval, then the resolvent is
bounded as +Im A — +o00. See the pseudo-spectra figure.

Bernard Helffer (Univ. Nantes, CNRS and Univ Paris-Sud) Spectral problems



This proposition together with the Phragmen-Lindelof principle
(see Agmon or Dunford-Schwartz) leads to:

Proposition

The space generated by the eigenfunctions of the Dirichlet
realization for D2 = ix is dense in L7 .

Note that it is proven by Henry (2013) that one can not find a
Riesz basis of eigenfunctions.
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At the boundary of the numerical range of the operator, it is
interesting to analyze the behavior of the resolvent. Numerical
computations lead to

Conjecture

When A is real
lim _[IGEP(A)]| = 0.

A——+00

Bernard Helffer (Univ. Nantes, CNRS and Univ Paris-Sud) Spectral problems



The complex Airy operator on the half-line: Neumann case

Similarly, we can look at the Neumann realization of DX2 — ix on
R, . One can use for example the Lax-Milgram theorem and take
as form domain

VN = {ue HL, xiue 2}

The Neumann condition appears when writing the domain of the
operator.
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More explicitly, the resolvent of the Neumann problem for D? — ix
is obtained as

Gy A) = Gy (6, y: ) + G N (v A,

for (x,y) € R%, where gf’N(X,y; A) is given by the following
expression:

e Ai'(e'\)

(47)

G M (x,yi\) = =2
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The resolvent is compact. The poles of the resolvent are
determined by zeros of Ai'(e @)), i.e., A, = e/“a),, where 2/, are
zeros of the derivative of the Airy function: Ai’(a)) = 0. The
eigenvalues have multiplicity 1 (no Jordan block).

We have, as a consequence of the analysis of the numerical range
of the operator,

Proposition
Hg“"( )| < ! if Re\ <0; (48)
[Re |’
and

1 .
IGHN )| < TN’ if FImA\>0. (49)
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This proposition together with the Phragmen-Lindelof principle
implies the completeness of the eigenfunctions:

Proposition

The space generated by the eigenfunctions of the Neumann
problem for D2 -+ ix is dense in 7.
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At the boundary of the numerical range of the operator, it is
interesting to analyze the behavior of the resolvent. Numerical
computations lead to

Conjecture

When A is real
lim [IGEN )| = o0.

A—~+00
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Remark

Using a Wronskian argument, we have
_ _ ia Ai(eTwy ) Ai(e " wy)
D N io Y
Gy A) =GN (X YA = — — - . )
G 0ayiA) = G0y A) = et T ) AT (e )
(51)

Computations which will be done later show that for A > 1
1
1G7P() = 7" (N)llus < CIAIT4 (52)

Hence the conjectures for Dirichlet and Neumann are equivalent.
. 1 1
We expect actually a decay in A" 4(log \)2.
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The case of the half-space

As the operator Ag . is defined on Cgo(Ri) , we use Friedrichs
construction starting from sesquilinear form :
(u,v) —
%2 %2 ++oo
30, v) = (Dewr, D) +(Dy+ 5 Ju (Dy+2)v>+ic/ yuvdsdy |
0
(53)
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Once the definition of the extended operator A has been
formulated, we may write

1
AY =D2+ (D, + §><2)2 + icy . (54)
Note that A/ is not self-adjoint. Furthermore, we have that

(AD)" = AT,

In the present contribution we analyze the spectrum of A/,
denoted by o(A/), and the associated semi-group exp —t A/ .
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As in the case of the whole space, we can easily prove the
following :

Proposition

For any ¢ > 0, A has compact resolvent. Moreover, if Eg(w)
denotes the ground state energy of the Montgomery operator

d? x2 2
Mw = —@4‘(?"‘@0) y
and if
AV = inf AM(w) = AM(w*), (55)
weR
then
o(AD) c { e C,Re > N\ (56)
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As mentioned earlier, our interest is in the effect that the Dirichlet
boundary condition has on the spectrum o(.A}) and on the
semigroups exp —tAl. Thus, it is interesting to compare them
with the analogous entities for the whole-plane problem.
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We have seen, that o(.A) is empty and that the decay of the
semigroup exp(—t.A) is faster than any exponential rate.

On the other hand, for the half-plane problem we do not expect
o( A7) to be empty. We provide here a proof in the asymptotic
regimes ¢ — +00 and ¢ — 0.
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Theorem

There exists ¢y > 0 such that for ¢ > ¢

o(AL) # 0.

Furthermore, there exists 1(c) € o(AL) which as ¢ — +oc:

LT
f—

3 )Ozo + A\ exp(fl'z

pl(e) ~ /3 exp( 6)(—"1/3 +0(c™*°), (57)

with —aq the rightmost zero point of Airy’s function, and A1 an
eigenvalue of an harmonic oscillator like operator.
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(c) is the candidate to be the eigenvalue with smallest real part.
One can indeed show that if

Umin(c) = inf Rez. (58)
zeo(AL)

then, for all ¢ > ¢g jtmin(c) ~ Repu(c) + O(c%/9).
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The next result is based on Gearhard-Pruss Theorem and is valid
for all ¢ > 0.

Theorem
If o(AL) # 0, then

L log|lexp(~tAf)]
t——+o0 t

= Mm,',,(C). (59)
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The case of ¢ large, Analytic dilation

Instead of dealing with o(A,), it is more convenient to analyze the
spectrum of the operator Py which is obtained from A/ using a
gauge transformation and analytic dilation.

Let 0 € C. Like for the analysis of resonances, we introduce the

dilation operator
u—s (U(O)u)(x.y) = e P u(efx, ey).  (60)
Set then

Py = U(O) TPU0) = e (D — yx)2 — e 32 +ice® y, (61)
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For 6 = —i%, we have
i7/3( 2 —iT/6 2
P_jz = e’/ (Dy +cy)+e im/8(D, — xy)?.
Note that 77,,-% is not unitarily equivalent to Al. But analytic
dilation facilitates the analysis of the spectrum of A. We

: _1
introduce the (small) parameter ¢ = - .
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We define another operator via the (real) dilation
23,061 _n N1 g (—1n E
Be .= €2 P U( In6) P_iz U( |n6), (62)
where U is defined in (60):

Be:=e(Dx —xy)? +i(D2+y). (63)
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Quasimodes

Proposition

There exist {u;(x, y)}7%y C S(R3) N D(Be) with |lug||;2 = 1,
and {\;}2, C C, T\ real for all j > 0 and —i\g = g, is the
lowest eigenvalue of the Airy operator in R with homogeneous
Dirichlet condition at 0, s.t.

B Zejuj(x,y) ~ Zej)\j ZEJUJ'(XJ/) . (64)
j=0 Jj=0 Jj=0
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We note that if ¢ had been purely imaginary, then (64) would have
implied by the spectral theorem the existence of an eigenvalue \(¢)
admitting the complete asymptotic expansion

(o¢]

Ae) ~ D e (65)

Jj=0

Since our interest is when ¢ is real, a more complicated approach
has to be adopted in order to prove the existence of an eigenvalue
of B..
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Other open problems

Do the spectral analysis of the following models:
—Ay, +ic(cosfx +sinfy)iny >0,

and

ind
D2 + (D, + %x2 — cos Oxy)? 4 ic(cos Ox 4 sinfy) in y >0,

with Dirichlet boundary condition at y = 0.

The first case is analyzed by R. Henry. The second case is open.
Note that the question of the definition of the second model was
finally clarified by Almog-Helffer (2014).
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Back to the initial problem in the case y > 0

As conclusion of this part, we have shown that there is a critical
Jeriv for our modelization of the half space problem in the affine
case. For J > J.j:, the solutions are stable and tend to the normal
state as t — +o0.

With the notation of the beginning of Part B, we have

_2
Jcrii - um,-n(c) .

We recall that ¢ = % where o was the normal conductivity, s
being assumed to be 1.
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We recall that the time-dependent linearized (at the normal
solution) Gorkhov-Eliashberg system reads is in (0, +00) x R? :

o +ikPyY = ViAu‘) + K2,
¥(0,) =o(), (66)
P(t,x,0) =0,

where A(x,y, h) = J (x — h), ®(x,y, h) = L y.

’
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