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Bose-Einstein Condensate
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Figure : Velocity-distribution for a gas of rubidium atoms,
showing the transition to Bose-Einstein condensation (1995).




Motivation

» Understand the dynamics of a Bose-Einstein condensate.

» In particular the quantum fluctuations with respect to the
evolution through the time-dependant Gross-Pitaevskii
equation.



Model for Many Bosons

» Hamiltonian on L2(RN) of the form

N
Hy = Z —A,, + Z V(Xm — Xn)
n=1

1<n<m<N

» An approximation is
—itHy J®N N
€ N¢o = o

with ¢; solution to the Hartree equation:

i0rpe = —Dpe + (v * |pe|?) e -



Model for Many Bosons

» Hamiltonian on F = @LE(R‘W) of the form

N>0
N
E- @y = @B (L -tut X vim—x)
N>0 N>0  n=1 1<n<m<N
» An approximation is
- Ho‘guz - H¢gH2

e ItHE _ e—itHn 4ON N _F

(¢0) I\@J \/m ¢O A@)d)t \/m (¢t)

with ¢; solution to the Hartree equation:

i0tpr = —Apr + (v * |¢t|2)¢t-



Quasifree States

The definition of Quasifree states is technical: omitted.
Key facts about quasifree states:
» States on the Fock space,
i.e. positive linear forms w7 on the bounded linear operators
on F(L*(RY)) = Pr_o L2(RM), s. t. wf(IdF) = 1.
> If L2(R9) is replaced by C,
then F(C) = Barg(C) c L?(C),
and quasifree states are “gaussians” in L?(C).
» Characterized by their (truncated) moments of order 1 and 2.
(Order 1) ¢ € L2(Rd)
(Order 2) v € &'(L3(RY)), v* :720
(Order 2) ¢ € [?(R*) ~ &2(L*(RY)), o



Equivalence of the three dynamics

Theorem (Bach, B., Chen, Frohlich, Sigal, 2016)
Assume v <1 — A, v(x) = v(—x),
and, with M = (1 — A)Y?, ¢, € HY(RY),
Yt € M1 61(L2(Rd)) M- o, € Hl(de), v =~2>0, ol =o0.
The we have equivalence of the three dynamics:
1. For all observable A at most quadratic in the fields,

i00? (A) = ¥ ([A,H]) .

2. (¢¢, 7, 0r) satisfy the HFB equations (given in the next slide)
3. For all observable A

i9pdf (A) = Wi (1A, HE) (wIN)])

with H(,_?,Z-B(wff) =,



Hartree-Fock-Bogoliubov Equations for Bosons

Hartree-Fock-Bogoliubov Equations for Bosons:

i0:pe = h(ve)pe + k(oe) e + (v * |de|*) e
i0ye = [h(70)ve] = + [k(0?t).0e]—
i0coe = [h(VY),0e) 4 + [K(00) vel+ + K(of*)

where (viA)(x;y) := v(x — y)A(x;y), A € B(L?(R?)) and

h(v) == =D+ vxy(x; x) + viv, (0) = vio,

V?t =t + |Be) (Dl U?t =0t + ¢t ® ¢,
[A,B]_ := AB* — BA*, [A,B]; = ABT + BAT.



Existence and Uniqueness

Theorem (Bach, B., Chen, Frohlich, Sigal, 2016)

Assume v <1 — A, v(x) = v(—x),

and ¢ € HY(R?), 0 € M~ & (L2(RY)) M2, o € HH(R?9),
Then there is existence and uniqueness of maximal mild solutions
(¢¢,7t,0¢) to the HFB equations.

If moreover
Y0 (o]
- | >0,
<Ué 1+ ’)/0) -

then the solution is global.



Preservation Laws

Theorem (Bach, B., Chen, Frohlich, Sigal, 2016)
Assume v <1 — A, v(x) = v(—x),
and ¢; € Hl(]Rd) e € M7 & (L2(RY)) M7, 0y € HY(R?).
Then
> the energy wff(H) is preserved by the HFB equations,
> the number of particles is preserved,

» for any obervable A at most quadratic in the field and such
that [A,H] = 0, w? (A) is preserved.
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Thank you for your attention.



