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Lieb-Thirring Inequalities (S.A.)

® Ho = —Ain L2(RY), with D(Ho) = H2(R?). Then Hz = Hq
and O'(Ho) = Uess(HO) = [0,00)
@ H = Hy+ V,where V c L92H7(RY; R).

Lieb-Thirring and CLR inequalities

v>0  ifd>3,
S (P < Ldﬁ/ Vox)2dx, {y>0  ifd=2
d
Ecoa(H) ® y>1/2  ifd=1.
0
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Preliminaries: Non-Selfadjoint Operators

X a Banach space, T a closed operator in X.

Definition

@ p(T):={zeC: T - zisbijective}, o(T) :=C\ p(T).
@ 04(T):={z € C: zisolated e.v. of finite algebraic mult.}.
® 0.s(T):={z€ C: T — zis not Fredholm}.

Fact 1: (T —2)™" — (S—2)7" compact = 0e(T) = 0ess(S).
Fact 2: If each connected component of C \ o.s(T) contains a
pointin p(T), then

(T) = 04(T)Uoess(T).
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N.S.A. Schroédinger Operators: Single Eigenvalues

@ Hy = —Ain L2(RY), with D(Hp) = H?(RY).
® H=Hy+ V,where V € L92H7(RY; C).
@ Assume z € C\ [0, c0) is an eigenvalue of H.
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N.S.A. Schroédinger Operators: Single Eigenvalues

@ Hyo = —Ain L2(RY), with D(Hp) = H?(R?).
® H=Hy+ V,where V € L92H7(RY; C).
@ Assume z € C\ [0, c0) is an eigenvalue of H.

Theorem (Abramov, Aslanyan, Davies 2001 [1])

Assume d = 1. Then

2)'/2 < / V(x)|dx.

1 < ||VI2Ry(2)|V|1/2)2 < [ [ MAle PV o IVIE 4

42| 4|z -
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N.S.A. Schroédinger Operators: Single Eigenvalues

@ Hy = —Ain L2(RY), with D(Hp) = H?(R?).
@ H=Hy+ V,where V € L92H7(RY; C).
@ Assume z € C\ [0, c0) is an eigenvalue of H.

Conjecture (Laptev, Safronov 2009 [10])

Assume d >1and 0 < v < d/2. Then

1z|" < cdp/ |V(x)|9/2+7 dx.
R

@ Case 0 < v < 1/2 proved by R. Frank [6].
Proof relies on uniform Sobolev inequality of C. Kenig, A.
Ruiz, C. Sogge [9]:

d+2 d+3
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N.S.A. Schroédinger Operators: Single Eigenvalues

@ Hy = —Ain L2(RY), with D(Hp) = H?(R?).
@ H=Hy+ V,where V € L92H7(RY; C).
@ Assume z € C\ [0, c0) is an eigenvalue of H.

Conjecture (Laptev, Safronov 2009 [10])

Assume d >1and d/2 < p < d. Then

|2|P=9/2 < Cyp /R |V(x)[PdXx.

@ Case 0 < v < 1/2 proved by R. Frank [6].
Proof relies on uniform Sobolev inequality of C. Kenig, A.
Ruiz, C. Sogge [9]:

d+2 d+3
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N.S.A. Schrdodinger Operators: Sums of Eigenvalues

@ Hy = —Ain L2(RY), with D(Hp) = H?(RY).
@ H=Hy+ V,where V ¢ LP(RY; C).

Theorem (Frank, Laptev, Lieb, Seiringer 2006 [7])

For6 € (0,7/2) andp > d/2+1:

Y 2P < Cap(1 +2/tan(8))?| V.

ZEO’d(H)\Qg
A
. L. Qp
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N.S.A. Schrdodinger Operators: Sums of Eigenvalues

@ Hy = —Ain L2(RY), with D(Hp) = H?(RY).
@ H=Hy+ V,where V ¢ LP(RY; C).

Theorem (Demuth, Hansmann, Katriel 2009 [2])

Forp>d/2+1,d>0,e>0andR(V)>0:

dist(z, [0, 00)P+
> < Capll VI3
d/2 2¢ P p
Womy R (1+12])
A
.......... P
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N.S.A. Schrdodinger Operators: Sums of Eigenvalues

@ Hy = —Ain L2(RY), with D(Hp) = H?(R?).
@ H=Hy+ V,where V ¢ LP(RY; C).

Conjecture (Demuth, Hansmann, Katriel [3])

Forp > d/2:

dist(z,[0, c0)P o
Z R < Capll Vlp-
ZEO’d(H)

® Inpart. 04(H) > zp — z* € (0,00) = (3Zp)nen C P(N).
@ What is the lowest possible p?
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Dirac and Fractional Schrédinger Operators

Fractional Schrédinger Operator
@ Hy = (m? — A)¥?in L2(RY), with 0 < s < d and
D(Hp) = HS(Rd). Then o(Hy) = 0ess(Ho) = [m, o)
@ H=Hy+ V,where V ¢ LP(R?,C) orV € (LP N L9)(RY; C).

Dirac Operator
@ Hy=a D+ mgin L2(RY,CN), w. D(Hp) = H'(RY, CN).
Then o(Hp) = 0ess(Hp) = (—o0, M| U [m, 00).
@ H=Hy+ V,where V ¢ (LP N LI)(RY; CN*N),
@ We define s = 1 in this case.

@ Here: m> 0.
@ The range of admissible p, g will depend on d and s.

Jean-Claude Cuenin Complex Eigenvalue Bounds



Dirac and Fractional Schrédinger Operators
New Results Method of Proof

Main result

if Hy = (m? — A)%/2
o /\Cm(/-/o) _ {m} | 0 (m ) 5
{—m, m} if Hp = - D+ mg.
V ¢ LPEld/s,(d+1)/2] if s>2d/(d+1),
VeldsnrEath/z  ifs<2d/(d+1).

@ Assume {

Theorem (Bounds for single eigenvalues)

Assume Hy = (m? — A)S/2 with s > 2d/(d + 1), d > 2. Then all
complex eigenvalues of H lie in a compact neighborhood of
Aerit(Ho). In particular, form = 0 = \z\p‘% < | V|5

@ In d = 1 the Theorem is true for Dirac, but not for
(m2 — A)Vz.
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Main result

. _ 2 s/2
o Acrit(HO) _ {m} |f HO (m A) )
{-m,m}  ifHy=a-D+ mp.
V e LPEld/s(d+1)/2] if s>2d/(d+1),

@ Assume
{VELd/sﬁL(d+1)/2 if s <2d/(d+1).

Theorem (Bound on distribution of eigenvalues)

Let (zp)n C 04(H) such that z, — z* € o(Hp) \ Aerit(Ho). Then
(_dist(z,,, o(Ho))nen € I'(N).
@ The case s = 2 is due to Frank and Sabin [8].
@ Dubuisson [4]-[5] proved (dist(zn, 0(Hp))nen € IP(N) for
larger p.
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Main result

{m} it Ho = (m? — 8)°/2,
{-m,m}  ifHy=a D+ mp.

V ¢ LPEld/s,(d+1)/2] if s>2d/(d+1),
VeldsnLlath/z  ifs<2d/(d+1).

o /\crit(HO) = {

@ Assume {

-

Corollary

#{z€0q4:|92] >} <

(e}

-

@ Ifd>2d/(d+1)and ||V| s < 1, then A complex
spectrum; in fact, H is similar to Hy (|V|'/? is Kato-smooth
w.r.t Ho)
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Perturbation Determinant

@ Assume V'/2Ry(2)|V|'/? € G*(L2(RY)).
@ Regularized determinant

2 p(Ho) > €, 1(2) = det(/+ V'/2Ry(2)|V|'7?),

where for A € G"(L2(R?)):

n—1
det(/ + A) : H[1+)\k )] exp (Z(U/j‘)\k(A)/).
j=1

@ fis holomorphic, and
f(z) =0 «— z € a4(H).
o In[f(2)| < C.llV'2Ry(2)| V|2 ge.
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Jensen’s |dentity

@ h:D — C holomorphic, h(0) = 1.
@ N(h; s) number of zeros of hin B(0, s).

Jensen’s identity: Vr € (0,1)

"N(h;s) rp_ 1 & io
/0 — o —ds = 3 In‘W‘_ﬂ/o In | h(re'®)|d6

{weB(0,r):h(w)=0}

@ In particular, if sup,,—1 | In h(w)| < M, then

> (1—|w|) < > In

{2€B(0,r):h(w)=0} {z€B(0,r):h(w)=0}

=M
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Conformal map

@ ¢ : D — p(Hp) conformal map s.t. (0) € p(Hop).
@ h:D—D,
_detpq (I + V'2Ro(v(w))| V['/2)

") = et (T + V2 RO(0(0)) V]2

@ ¢~ extends diffeomorphically to C \ Aii(Ho).
@ Koebe distortion theorem: z = (w)

= (1—-|w|)= ‘d ‘d/st(z o(Hp)).
@ duj > 0:

[Inhw)l <c(v) 11 W=y ()]

ZjE/\cm(Ho)U{OO}
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Uniform resolvent bounds in Schatten spaces

Let Hy € {(m? — A)$/2, .- D+ mpB}. There exists
N : p(Hp) — R with continuous extension to C \ Ayit(Ho) S.t.

a) Ifs>2d/(d+1) and V ¢ LPEld/s(d+1)/2]  then

|V1/2Ry(2)| V|1/2H6p(d—1)/(d—P) < N(2)[| Ve

b) Ifs <2d/(d+1)and V € L9sn L@t)/2 thenVe > 0

V12Ro(2)| V|2 | gmaxiast.assier < N(2)|| V| aricas1y/zs

@ The case s = 2 is due to Frank and Sabin [8].

@ Proof uses Stein’s interpolation theorem for analytic
families of operators.

@ Theorem is valid for more general operators.
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