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Lieb-Thirring Inequalities (S.A.)

H0 = −∆ in L2(Rd ), with D(H0) = H2(Rd ). Then H∗
0 = H0

and σ(H0) = σess(H0) = [0,∞).

H = H0 + V , where V ∈ Ld/2+γ(Rd ;R).

Lieb-Thirring and CLR inequalities

∑

E∈σd(H)

|E |γ ≤ Ld ,γ

∫

Rd

V−(x)
d/2+γdx ,











γ ≥ 0 if d ≥ 3,

γ > 0 if d = 2,

γ ≥ 1/2 if d = 1.

0
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Preliminaries: Non-Selfadjoint Operators

X a Banach space, T a closed operator in X .

Definition

ρ(T ) := {z ∈ C : T − z is bijective}, σ(T ) := C \ ρ(T ).

σd(T ) := {z ∈ C : z isolated e.v. of finite algebraic mult.}.

σess(T ) := {z ∈ C : T − z is not Fredholm}.

Fact 1: (T − z)−1 − (S − z)−1 compact =⇒ σess(T ) = σess(S).

Fact 2: If each connected component of C \ σess(T ) contains a

point in ρ(T ), then

σ(T ) = σd(T )∪̇σess(T ).
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N.S.A. Schrödinger Operators: Single Eigenvalues

H0 = −∆ in L2(Rd ), with D(H0) = H2(Rd ).
H = H0 + V , where V ∈ Ld/2+γ(Rd ;C).
Assume z ∈ C \ [0,∞) is an eigenvalue of H.
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N.S.A. Schrödinger Operators: Single Eigenvalues

H0 = −∆ in L2(Rd ), with D(H0) = H2(Rd ).
H = H0 + V , where V ∈ Ld/2+γ(Rd ;C).
Assume z ∈ C \ [0,∞) is an eigenvalue of H.
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N.S.A. Schrödinger Operators: Single Eigenvalues

H0 = −∆ in L2(Rd ), with D(H0) = H2(Rd ).

H = H0 + V , where V ∈ Ld/2+γ(Rd ;C).

Assume z ∈ C \ [0,∞) is an eigenvalue of H.

Theorem (Abramov, Aslanyan, Davies 2001 [1])

Assume d = 1. Then

|z|1/2 ≤
1

2

∫

R
|V (x)|dx .

Proof.

1 ≤ ‖V 1/2R0(z)|V |
1/2‖2 ≤

∫ ∫ |V (x)|e−2ℑ
√

z|x−y||V (y)|
4|z| ≤

‖V‖2
1

4|z| .
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N.S.A. Schrödinger Operators: Single Eigenvalues

H0 = −∆ in L2(Rd ), with D(H0) = H2(Rd ).

H = H0 + V , where V ∈ Ld/2+γ(Rd ;C).
Assume z ∈ C \ [0,∞) is an eigenvalue of H.

Conjecture (Laptev, Safronov 2009 [10])

Assume d ≥ 1 and 0 < γ ≤ d/2. Then

|z|γ ≤ Cd ,p

∫

R
|V (x)|d/2+γdx .

Case 0 < γ ≤ 1/2 proved by R. Frank [6].

Proof relies on uniform Sobolev inequality of C. Kenig, A.

Ruiz, C. Sogge [9]:

‖R0(z)‖Lp→Lp′ ≤ C|z|d(1/p−1/2)−1,
2d

d + 2
≤ p ≤

2(d + 1)

d + 3
.
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N.S.A. Schrödinger Operators: Single Eigenvalues

H0 = −∆ in L2(Rd ), with D(H0) = H2(Rd ).

H = H0 + V , where V ∈ Ld/2+γ(Rd ;C).
Assume z ∈ C \ [0,∞) is an eigenvalue of H.

Conjecture (Laptev, Safronov 2009 [10])

Assume d ≥ 1 and d/2 ≤ p ≤ d . Then

|z|p−d/2 ≤ Cd ,p

∫

R
|V (x)|pdx .

Case 0 < γ ≤ 1/2 proved by R. Frank [6].

Proof relies on uniform Sobolev inequality of C. Kenig, A.

Ruiz, C. Sogge [9]:

‖R0(z)‖Lp→Lp′ ≤ C|z|d(1/p−1/2)−1,
2d

d + 2
≤ p ≤

2(d + 1)

d + 3
.
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N.S.A. Schrödinger Operators: Sums of Eigenvalues

H0 = −∆ in L2(Rd ), with D(H0) = H2(Rd ).
H = H0 + V , where V ∈ Lp(Rd ;C).

Theorem (Frank, Laptev, Lieb, Seiringer 2006 [7])

For θ ∈ (0, π/2) and p ≥ d/2 + 1:

∑

z∈σd(H)\Ωθ

|z|p−d/2 ≤ Cd ,p(1 + 2/ tan(θ))p‖V‖pp.

Ωθ
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N.S.A. Schrödinger Operators: Sums of Eigenvalues

H0 = −∆ in L2(Rd ), with D(H0) = H2(Rd ).
H = H0 + V , where V ∈ Lp(Rd ;C).

Theorem (Demuth, Hansmann, Katriel 2009 [2])

For p ≥ d/2 + 1, d ≥ 0, ǫ > 0 and ℜ(V ) ≥ 0:

∑

z∈σd(H)

dist(z, [0,∞)p+ǫ

|z|d/2(1 + |z|)2ǫ
≤ Cd ,p‖V‖

p
p.

Ωθ

0
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N.S.A. Schrödinger Operators: Sums of Eigenvalues

H0 = −∆ in L2(Rd ), with D(H0) = H2(Rd ).

H = H0 + V , where V ∈ Lp(Rd ;C).

Conjecture (Demuth, Hansmann, Katriel [3])

For p > d/2:

∑

z∈σd(H)

dist(z, [0,∞)p

|z|d/2
≤ Cd ,p‖V‖

p
p.

In part. σd(H) ∋ zn → z∗ ∈ (0,∞) =⇒ (ℑzn)n∈N ⊂ lp(N).

What is the lowest possible p?
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Dirac and Fractional Schrödinger Operators

Fractional Schrödinger Operator

H0 = (m2 −∆)s/2 in L2(Rd), with 0 < s < d and

D(H0) = Hs(Rd ). Then σ(H0) = σess(H0) = [m,∞)

H = H0 + V , where V ∈ Lp(Rd ;C) orV ∈ (Lp ∩ Lq)(Rd ;C).

Dirac Operator

H0 = α · D + mβ in L2(Rd ,CN), w. D(H0) = H1(Rd ,CN).
Then σ(H0) = σess(H0) = (−∞,m] ∪ [m,∞).

H = H0 + V , where V ∈ (Lp ∩ Lq)(Rd ;CN×N).

We define s = 1 in this case.

Here: m ≥ 0.

The range of admissible p, q will depend on d and s.
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Main result

Assumptions:

Λcrit(H0) =

{

{m} if H0 = (m2 −∆)s/2,

{−m,m} if H0 = α · D + mβ.

Assume

{

V ∈ Lp∈[d/s,(d+1)/2] if s ≥ 2d/(d + 1),

V ∈ Ld/s ∩ L(d+1)/2 if s < 2d/(d + 1).

Theorem (Bounds for single eigenvalues)

Assume H0 = (m2 −∆)s/2 with s ≥ 2d/(d + 1), d ≥ 2. Then all

complex eigenvalues of H lie in a compact neighborhood of

Λcrit(H0). In particular, for m = 0⇒ |z|p−
d
s ≤ ‖V‖

p
p.

In d = 1 the Theorem is true for Dirac, but not for

(m2 −∆)1/2.
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Main result

Assumptions:

Λcrit(H0) =

{

{m} if H0 = (m2 −∆)s/2,

{−m,m} if H0 = α · D + mβ.

Assume

{

V ∈ Lp∈[d/s,(d+1)/2] if s ≥ 2d/(d + 1),

V ∈ Ld/s ∩ L(d+1)/2 if s < 2d/(d + 1).

Theorem (Bound on distribution of eigenvalues)

Let (zn)n ⊂ σd(H) such that zn → z∗ ∈ σ(H0) \ Λcrit(H0). Then

(dist(zn, σ(H0))n∈N ∈ l1(N).

The case s = 2 is due to Frank and Sabin [8].

Dubuisson [4]–[5] proved (dist(zn, σ(H0))n∈N ∈ lp(N) for

larger p.
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Main result

Assumptions:

Λcrit(H0) =

{

{m} if H0 = (m2 −∆)s/2,

{−m,m} if H0 = α · D + mβ.

Assume

{

V ∈ Lp∈[d/s,(d+1)/2] if s ≥ 2d/(d + 1),

V ∈ Ld/s ∩ L(d+1)/2 if s < 2d/(d + 1).

Corollary

#{z ∈ σd : |ℑz| ≥ s} ≤ C
s .

If d ≥ 2d/(d + 1) and ‖V‖Ld/s ≪ 1, then ∄ complex

spectrum; in fact, H is similar to H0 (|V |1/2 is Kato-smooth

w.r.t H0).
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Perturbation Determinant

Assume V 1/2R0(z)|V |
1/2 ∈ S

α(L2(Rd )).

Regularized determinant

f : ρ(H0)→ C, f (z) := det
⌈α⌉

(I + V 1/2R0(z)|V |
1/2),

where for A ∈ S
n(L2(Rd)):

det
n
(I + A) :=

∏

k

[1 + λk (A)]exp





n−1
∑

j=1

(−1)j j−1λk (A)
j



 .

f is holomorphic, and

f (z) = 0←→ z ∈ σd(H).

ln |f (z)| ≤ Cα‖V
1/2R0(z)|V |

1/2‖Sα .
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Jensen’s Identity

h : D→ C holomorphic, h(0) = 1.

N(h; s) number of zeros of h in B(0, s).

Jensen’s identity: ∀r ∈ (0,1)
∫ r

0

N(h; s)

s
ds =

∑

{w∈B(0,r):h(w)=0}

ln
∣

∣

∣

r

w

∣

∣

∣ =
1

2π

∫ 2π

0

ln |h(reiθ)|dθ

In particular, if sup|w |=1 | ln h(w)| ≤ M, then

∑

{z∈B(0,r):h(w)=0}

(1− |w |) ≤
∑

{z∈B(0,r):h(w)=0}

ln

∣

∣

∣

∣

1

w

∣

∣

∣

∣

≤ M.
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Conformal map

ψ : D→ ρ(H0) conformal map s.t. ψ(0) ∈ ρ(H0).

h : D→ D,

h(w) :=
det⌈α⌉(I + V 1/2R0(ψ(w))|V |1/2)

det⌈α⌉(I + V 1/2R0(ψ(0))|V |1/2)
.

ψ−1 extends diffeomorphically to C \ Λcrit(H0).

Koebe distortion theorem: z = ψ(w)

=⇒ (1− |w |) ≈

∣

∣

∣

∣

dw

dz

∣

∣

∣

∣

dist(z, σ(H0)).

∃µj ≥ 0:

| ln h(w)| ≤ C(V )
∏

zj∈Λcrit(H0)∪{∞}

|w − ψ−1(zj)|
−µj .
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Uniform resolvent bounds in Schatten spaces

Theorem

Let H0 ∈ {(m
2 −∆)s/2, α · D + mβ}. There exists

N : ρ(H0)→ R+ with continuous extension to C \ Λcrit(H0) s.t.

a) If s ≥ 2d/(d + 1) and V ∈ Lp∈[d/s,(d+1)/2], then

‖V 1/2R0(z)|V |
1/2‖

Sp(d−1)/(d−p) ≤ N(z)‖V‖Lp

b) If s < 2d/(d + 1) and V ∈ Ld/s ∩ L(d+1)/2, then ∀ǫ > 0

‖V 1/2R0(z)|V |
1/2‖

Smax{d+1,d/s+ǫ} ≤ N(z)‖V‖Ld∩L(d+1)/2,

The case s = 2 is due to Frank and Sabin [8].

Proof uses Stein’s interpolation theorem for analytic

families of operators.

Theorem is valid for more general operators.
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