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1. General background and basic ideas.

Zeta Regularization (ZR): to give meaning via analytic continuation
to ill-defined expressions appearing in mathematics and physics.
(Minakshisundaram and Pleijel, 1945; Seeley, 1967; Ray and Singer, 1971)

• A textbook example (ζ = Riemann zeta function):
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• Often used to treat the divergences of quantum field theory (QFT),
especially, in connection with vacuum effects.
(Dowker and Critchley, 1975; Hawking, 1977; Wald, 1979; Bytsenko, Cognola,

Elizalde, Kirsten, Moretti, Vanzo, Zerbini, 1985-today)

Casimir effect (CE): physical phenomena related to the vacuum state
of a quantum field interacting with classical boundaries/potentials.

↪→ Study CE using ZR.
Case study: Hermitian scalar field.
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• Rigorous viewpoint on many divergent expressions in QFT :
the field is an operator valued distribution ⇒ pointwise evaluation
of field polynomials (and of corresponding VEVs) is ill-defined.

• Standard zeta approach:
◦ Euclidean formulation in terms of (formal) functional integrals;
◦ typical assumption: elliptic operators with pure point spectrum
↪→ ZR implemented via eigenfunction expansion techniques.

• Novel results:
◦ fully rigorous analytic setting for ZR in the framework of

Wightman quantization
◦ point and continuous spectrum handled without differences;
◦ analysis of some exactly solvable cases.
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2. Functional analytic framework.

• Basic elements:
◦ (H, 〈 | 〉) ≡ H = abstract separable Hilbert space;
◦ A : Dom(A) ⊂ H → H, strictly positive, essentially self-adjoint.

• Spectral theorem → A−s (s ∈ C) ;
→ e−tA (heat), e−t

√
A (cylinder, [Fulling]) (t∈C).

• Consider the inner products 〈g |f 〉r := 〈Ar/2g |Ar/2f 〉 (r ∈ R):

◦ Hr := completion of Dom(Ar/2) w.r.t. 〈 | 〉r ;

◦ H+∞ :=
⋂

r∈RHr with Fréchet topology ;

◦ H−∞ :=
⋃

r∈RHr with inductive limit topology.

⇒ H0 = H and Hr dense
↪→ Hu if r>u (r , u ∈ R∪{±∞}) .

• ∃! 〈 | 〉 :
⋃

r∈RH−r×Hr→ C extension of the inner product onH,
s.t. 〈 | 〉�H−r×Hr (r ∈R) is a continuous, sesquilinear Hermitian form.

⇒ H−r isom' (Hr )′ = topol. dual of Hr (r ∈ R∪{+∞}) .
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• ∃!A−s , e−tA, e−t
√
A : H−∞ → H−∞ (s, t ∈ C with <t > 0)

continuous extensions of A−s , e−tA, e−t
√
A on H

⇒ restrictions to finite order spaces fulfill norm bounds
and depend analytically on the parameters.

• Typical application:

◦ H=L2(Ω), with Ω⊂Rd any open subset (or Riemannian manifold);

◦ A := (−4+V )�DA , with 4 = Laplacian on Rd , V ∈C∞(Ω),
DA⊂L2(Ω) a suitable domain (keeping into account b.c.).

In this case: Hr ↪→ H r
loc(Ω) ↪→ C j(Ω) (j ∈ N, r > j+d/2) .

• ∃! δx∈H−∞ (x∈Ω) s.t. 〈δx|f 〉= f (x) (f ∈Hr, r>d/2): Dirac delta.

• Let B : Dom(B)⊂H−∞→ H−∞ and assume ∃ θ>0, j ∈N s.t.,
∀ j1+j2 6 j , B : H−(j2+d/2+θ) → Hj1+d/2+θ is continuous
↪→ the integral kernel of B is B(x, y) := 〈δx|B δy〉 (x, y ∈ Ω).

⇒ (Bf )(x)=
∫

Ω
dyB(x, y)f (y) (∀f ∈L2(Ω)) and B( , )∈C j(Ω×Ω).
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• The Dirichlet kernel is A−s(x, y). For <s>(j+d)/2 one has
A−s( , )∈C j(Ω×Ω) and s 7→ ∂αx ∂

β
y A−s(x, y) is analytic (x, y∈Ω) ;

• The heat and cylinder kernels are e−tA(x, y), e−t
√
A(x, y) (<t > 0).

• Derive the Mellin relations (for <s>d/2)

A−s(x, y) =
1

Γ(s)

∫ +∞

0

dt ts−1 e−tA(x, y) =
1

Γ(2s)

∫ +∞

0

dt t2s−1 e−t
√
A(x, y)

( holding also for y = x ∈ Ω; similar relations for ∂αx ∂
β
y A−s(x, y) ) .

• Construct the analytic continuation of A−s(x, y) :
1) Standard method using the heat kernel asymptotics : if ∃N∈N,
an : Ω×Ω→ R (n=0, ...,N), rN(t; x, y) = O(tN+1) (t→0+) s.t.

e−tA(x, y) = 1
td/2

(∑N
n=0 an(x, y) tn+ rN(t; x, y)

)
, then for <s>d/2−(N+1)

A−s(x, y) =

1

Γ(s)

(
N∑

n=0

an(x, y)

s+n− d
2

+

∫ 1

0

dt ts−
d
2−1rN(t; x, y) +

∫ +∞

1

dt ts−1e−tA(x, y)

)
.
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• The Dirichlet kernel is A−s(x, y). For <s>(j+d)/2 one has
A−s( , )∈C j(Ω×Ω) and s 7→ ∂αx ∂

β
y A−s(x, y) is analytic (x, y∈Ω) ;

• The heat and cylinder kernels are e−tA(x, y), e−t
√
A(x, y) (<t > 0).

• Derive the Mellin relations (for <s>d/2)

A−s(x, y) =
1

Γ(s)

∫ +∞

0

dt ts−1 e−tA(x, y) =
1

Γ(2s)

∫ +∞

0

dt t2s−1 e−t
√
A(x, y)

( holding also for y = x ∈ Ω; similar relations for ∂αx ∂
β
y A−s(x, y) ) .

• Construct the analytic continuation of A−s(x, y) :
2) Integration by parts: if ∃N∈N, H : [0,+∞)×Ω×Ω→ R s.t.

H( ; x, y)∈CN([0,+∞)) (x, y∈Ω), e−tA(x, y) = 1
td/2 H(t; x, y), then

for <s > d/2−N
A−s(x, y) =

(−1)N

(s− d
2 ) ... (s− d

2 +N−1) Γ(s)

∫ +∞

0

dt ts−
d
2 +N−1 ∂Nt H(t; x, y) .
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• The Dirichlet kernel is A−s(x, y). For <s>(j+d)/2 one has
A−s( , )∈C j(Ω×Ω) and s 7→ ∂αx ∂

β
y A−s(x, y) is analytic (x, y∈Ω) ;

• The heat and cylinder kernels are e−tA(x, y), e−t
√
A(x, y) (<t > 0).

• Derive the Mellin relations (for <s>d/2)

A−s(x, y) =
1

Γ(s)

∫ +∞

0

dt ts−1 e−tA(x, y) =
1

Γ(2s)

∫ +∞

0

dt t2s−1 e−t
√
A(x, y)

( holding also for y = x ∈ Ω; similar relations for ∂αx ∂
β
y A−s(x, y) ) .

• Construct the analytic continuation of A−s(x, y) :
3) Hankel representation: if ∃ U ⊂ C with [0,+∞) ⊂ U ,

H : [0,+∞)×Ω×Ω→ R s.t. H( ; x, y) : U → C is analytic (x, y ∈ Ω),
e−t
√
A(x, y) = 1

td
H(t; x, y), then for all s ∈ C (H = Hankel contour)

A−s(x, y) =
e−2iπs Γ(1−2s)

2iπ

∫
H

dt t2s−d−1 H(t; x, y) .

◦ If s = −k/2, k∈N, residue theorem ⇒ easy computation.
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3. Zeta-regularized scalar field.

• Canonical quantization:

◦ F∨(H) :=
⊕+∞

n=0 H∨n = bosonic Fock space on H := L2(Ω);

◦ â±(h) (h∈H) = creation/annihilation operators on F∨0 (H)
(F∨0 (H) := finite particle subspace; [â−(h), â+(k)]⊂〈h|k〉I ; â−(h)v = 0);

◦ The Wightman field at time zero is

ϕ̂(h) := 1√
2

(
â−(A−1/4h ) + â+(A−1/4h )

)
(h ∈ H−1/2) .

• Time evolution via second quantization (t ∈ R = time) :

ϕ̂t(h) := Γ(e it
√
A ) ϕ̂(h) Γ(e−it

√
A ) (h ∈ H−1/2)

⇒ Klein-Gordon eq. : (∂tt ϕ̂t(h) + ϕ̂t(A h)) f = 0 (f ∈ F∨0 (H)) .

• ∀ x ∈ Ω, δx /∈ H−1/2 (δx ∈ H−r , r > d/2) ⇒
pointwise evaluation of the field “ϕ̂(x) := ϕ̂(δx)” is ill-defined.

↪→ Basic idea: define a regularized delta (κ∈R = mass parameter)

δux := (A/κ2)−u/4 δx ∈ H−r for <u > d−2r .
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• The zeta-regularized field at a point x = (t, x) ∈ R×Ω is

ϕ̂u(x) := ϕ̂t(δ
u
x ) (<u > d − 1) .

• The zeta-regularized stress-energy tensor is (µ, ν ∈ {0, ..., d})

T̂ u
µν(x) := (1−2ξ) ∂µϕ̂

u(x) ◦ ∂νϕ̂u(x) +

+
(1

2
− 2ξ

)
(∂λϕ̂u(x)∂λϕ̂

u(x) + V (x) ϕ̂u(x)2)− 2ξϕ̂u(x) ◦ ∂µνϕ̂u(x)

◦ well-defined for <u > d + 3 ;

◦ by analogy with classical theory (ξ ∈ R conformal parameter) ;

◦ A ◦ B := (AB + BA)/2 ⇒ T̂ u
µν(x) = T̂ u

νµ(x) .

• The zeta-reg. stress-energy VEV is 〈v|T̂ u
µν(x)v〉 ≡ 〈v|T̂ u

µν(x)v〉
◦ connection with the Casimir effect ;

◦ for <u > n + d + 1, the map Ω 3 x 7→ 〈v|T̂ u
µν(x) v〉 is C n ;

◦ the properties of integral kernels give, e.g.,

〈v|T̂ u
00(x) v〉 =

κu
[(

1
4 +ξ

)
A−

u−1
2 (x, y) +

(
1
4−ξ

)
(∂x

j
∂y j +V (x))A−

u+1
2 (x, y)

]
y=x

.
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• The renormalized VEV is defined via analytic continuation (x∈Ω) :

〈v|T̂µν(x) v〉ren := RP
∣∣∣
u=0
〈v|T̂ u

µν(x) v〉 ,

RP|u=0 := regular part of the Laurent expansion at u = 0 .

N.B.:Mellin relations and the asymptotic expansion of the heat kernel
⇒ ∃ analytic continuation, meromoprhic near u = 0

⇒ ∀ x ∈ Ω, 〈v|T̂µν(x) v〉ren is well-defined and finite.

• Related observables:
◦ the renormalized pressure at x∈∂Ω is (n(x)= outer normal at x)

preni (x) := RP
∣∣∣
u=0
〈v|T̂ u

ij (x) v〉nj(x) (i , j = 1, ..., d) .

◦ the renormalized energy is

E ren := RP|u=0

∫
Ω

dx 〈v|T̂ u
00(x) v〉 .
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4.1 The harmonic background potential.
• For simplicity: massless field, 3D isotropic harmonic potential

Ω = R3, V (x) := λ4|x|2 (λ > 0) ⇒ A = −4+ λ4|x|2

(generalizations: massive field, anisotropic potentials, higher dimension).

• Actor and Bender (1995): total energy, not the stress-energy tensor.

• Computational methods:
◦ heat kernel: e−tA(x, y) = Mehler kernel;
◦ pass to rescaled spherical coordinates: r := λ|x| ∈ (0,+∞);
◦ the Mellin relations give (for <u > 4)

〈v|T̂ u
µν(r) v〉 =

λ4

Γ( u+1
2 )

(κ
λ

)u∫ +∞

0

dτ τ−3+ u
2 H(u)

µν (τ ; r) ,

where τ → H
(u)
µν (τ ; r) is smooth on [0,+∞) ;

◦ 3-fold integration by parts ⇒ analytic continuation to {<u>−2}

〈v|T̂ u
µν(r) v〉 = − λ4

Γ( u+1
2 )( u

2−2)( u
2−1) u

2

(κ
λ

)u∫ +∞

0

dτ τ
u
2 ∂3

τH
(u)
µν (τ ; r) .
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• The renormalized stress-energy VEV is (♦ = conf., � = non-conf.)

〈v|T̂µν(r)|v〉ren =

λ4
[(
T (0,♦)
µν (r) + MκλT

(1,♦)
µν (r)

)
+
(
ξ − 1

6

)(
T (0,�)
µν (r) + MκλT

(1,�)
µν (r)

)]
,

T
(a,•)
µν (r) :=

∫ +∞

0
dτ e−r2 tanh τ

[
polinomial in r2 with

coefficients depending on τ

]
, Mκλ := γEM + 2 ln

(
2κ

λ

)
.

• Numerical evaluation of integral representations for fixed r ∈(0,+∞):

T
(0,♦)
00 (r)

2 4 6 8 10
r

20

40

60

80

100

T00
H0,íL T

(1,♦)
00 (r)

2 4 6 8 10
r

-15

-10

-5

T00
H1,íL

• Small and large r = λ|x| asymptotics :
exact expressions and explicit remainder estimates.
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µν (r) + MκλT

(1,♦)
µν (r)

)
+
(
ξ − 1

6

)(
T (0,�)
µν (r) + MκλT

(1,�)
µν (r)

)]
,

T
(a,•)
µν (r) :=

∫ +∞

0
dτ e−r2 tanh τ

[
polinomial in r2 with

coefficients depending on τ

]
, Mκλ := γEM + 2 ln

(
2κ

λ

)
.

• Numerical evaluation of integral representations for fixed r ∈(0,+∞):

T
(0,�)
00 (r)
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• Small and large r = λ|x| asymptotics :
exact expressions and explicit remainder estimates.
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4.2 Parallel planes configuration: Robin b.c.

• Case study: massless field (V =0), 3D model, Robin b.c.

Ω = (0, a)×R2 3 (x1, x2, x3) (a>0) , A = −4
(1−β∂x1)ϕ̂|x1=0 = (1−β∂x1)ϕ̂|x1=a = 0 (β>0) .

• Romeo and Saharian (2002): double series/integral representation.

• Computational methods (like Dirichlet, Neumann and periodic b.c.):

◦ reduced 1D problem on (0, a) :
integral representation of the cylinder kernel e−t

√
A1(x1, y1)

↪→ ∀ x1, y1∈(0, a), [0,+∞)3t 7→ e−t
√
A1(x1, y1) is meromorphic

(t=0 the only pole) and decays exponentially for t→ +∞ .

◦ Hankel representations of the Mellin relations, evaluated with
the residue theorem, give, e.g.,

〈v|T̂00(x1) v〉ren =

1
π Res

(
1
t4

[(
3ξ − 1

4

)
e−t
√
A1 + t2

2

(
1
4 − ξ

)
∂x1y1e−t

√
A1

]
y1=x1

; t=0

)
.
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• The renormalized stress-energy VEV:

◦ 〈v|T̂µνv〉ren = 〈T (♦)
µν 〉+

(
ξ − 1

6

)
〈T (�)

µν 〉 ( = conf. + non conf.) ;

◦ diagonal → non-vanishing components :

〈T (♦)
00 〉 = 1

3 〈T
(♦)
11 〉 = −〈T (♦)

22 〉 = −〈T (♦)
33 〉 = − π

1440a4 ,

(like in the cases of Dirichlet or Neumann b.c.)

〈T (�)
00 〉 = −〈T (�)

22 〉 = −〈T (�)
33 〉 = (single) integral representation

〈T (�)
00 〉 v.s. x1 (a = 1, β = 0.04)

0.2 0.4 0.6 0.8 1.0
x1

-1000

-500

0

500

1000

<T00
HàL
>

〈T (�)
00 〉 v.x. (x1, β) (a = 1)

• It appears that
∫

(0,a)〈v|T̂00 v〉ren diverges (but E ren<∞  anomaly).
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Summary and outlook.

• Summary:

◦ abstract formalism to study integral kernels;

◦ ZR in the framework of canonical quantization;

◦ computational effectiveness in some examples.

• Further developments:

◦ explicit analysis of other configurations;

◦ study boundary divergences: semiclassical boundaries
[Ford,1998];

◦ functional-integral approach: regularized Gaussian measures.
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Thank you for the attention!
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Heuristic arguments for divergent expressions in QFT.

• Canonical quantization over a fixed spatial domain Ω⊂Rd of
the Klein-Gordon field: (∂tt −4)ϕ̂(t, x) = 0, (t, x)∈R×Ω

↪→ creation/annihilation operators expansion (âk |0〉 = 0, ∀k∈K)

ϕ̂(t, x) =

∫
K

dk√
2ωk

[
e−iωk tFk(x) âk + e iωk t F̄k(x) â†k

]
,

(Fk)k∈K Hilbert basis of L2(Ω), −4Fk = ω2
kFk , [âh, â

†
k ] = δhk ;

• Computation of the field squared VEV gives a divergent sum
over modes (formally related to the integral kernel of (−4)−

1
2 )

〈0|ϕ̂(t, x)2|0〉 =

∫
K

dk

2ωk
Fk(x)F̄k(x)

(
“=”

1

2
〈δx|(−4)−

1
2 δx〉

)
.

N Example: Ω := (0, 1) with Dirichlet b.c. ⇒
Fk(x) =

√
2 sin(kπx), ωk = kπ for k = 1, 2, 3, ... ⇒

〈0|ϕ̂(t, x)2|0〉 =
+∞∑
k=1

sin2(kπx)

kπ
. back
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