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Superfluidity

Figure: Superfluid Helium *He

source: Alfred Leitner - superfluid liquid Helium
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Superfluidity

Figure: Superfluid Helium *He

source: Alfred Leitner - superfluid liquid Helium
o frictionless flow through narrow capillarities;
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e irrotational outside the nodal region, VA v =0in {p > 0};
e quantized vortices: m ¢ v - dl = 2whn, n € Z.

QHD and Superfluidity

@ [o)

S

- »



Quantum Hydrodynamics (QHD)

Oip+div)=0

:J + div <%) +VP(p) = %2pv (%) :

with (t,x) € Ry x R3, and initial data p(0) = po, J(0) = Jo.

Mass (charge) density p, momentum (current) density J.
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Quantum Hydrodynamics (QHD)

Orp + div(pu) =0
9e(pu) + div(pu ® u) + VP(p) =0

with (t,x) € Ry x R3, and initial data p(0) = po, J(0) = Jo.
Mass (charge) density p, momentum (current) density J = pu, velocity
field u.

Compressible Euler system
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Quantum Hydrodynamics (QHD)

Oep + div(pu) = 0
D(pu) + div(pu @ u) + VP(p) = hjpv (%)

with (t,x) € Ry x R3, and initial data p(0) = po, J(0) = Jo.
Mass (charge) density p, momentum (current) density J = pu, velocity
field u.

Compressible Euler system+quantum Bohm's potential
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Quantum Hydrodynamics (QHD)

Otp + div(pu) =0
2
Ot(pu) + div(pu @ u) + VP(p) = %pv <A\/\;ﬁ>

with (t,x) € Ry x R3, and initial data p(0) = po, J(0) = Jo.
Mass (charge) density p, momentum (current) density J = pu, velocity
field u.

Compressible Euler system+quantum Bohm's potential

%pv (%) = % div(pV? log p) = %VAp —div(V/p @ V/p).
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Finite energy weak solutions

0eJ + div (%) +VP(p) = %2,0V (%) ,
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Finite energy weak solutions

Op+divd =0

@J+dw<i§i

) v =,

2
IVm%%%MVW@VW%
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Finite energy weak solutions

O +div) =0

2
O¢d +div (AN@ N+ R*V/p @ V/p) + VP(p) = 2 VAP,
: _ J
with A = T
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Finite energy weak solutions

,8tp+d|VJ:0

h2
ag+&vm®A+#v¢@®vwﬁ+VP@y=IVAm

. _J
with A = T
1[4

2 ) + f(p) dx,

h2
Energy: E[p, J] :/E|V\/ﬁ|2+

v—1
P(p) = pf'(p) — f(p) = 7 p?, 1<y<3.
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Finite energy weak solutions

,8tp+d|VJ:0

h2
ag+&vm®A+#v¢@®vwﬁ+VP@y=IVAm

; _ J
with A = NG

h? 1
Energy: E[p,\] = /?lv\/ﬂQ + §|/\|2 + f(p) dx,

v—1
P(p) = pf'(p) — f(p) = 7 p?, 1<y<3.
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Finite energy weak solutions

78tp + leJ = 0
h2
O¢d +div (AN@ A+ RV /p @ V/p) + VP(p) = Z VA,

. _J
with A = T

h? 1
Energy: E[p,\] = /?|V\/,5|2 + §|/\|2 + f(p) dx,

v—1
P(p) = pf'(p) — f(p) = 7 1<y <3

Aim: find (1/p, A) such that p := (\/p)?,J := /p/\ is a finite energy weak
solution. G S
[
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Global existence of F.E.W.S.

Theorem

For any vy € HY(R3), let po := |1bo|?, Jo := hlm(o Vo), then there exist

(v/p,N) such that (p, J) is a finite energy weak solution for the QHD
system.
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Global existence of F.E.W.S.

Theorem

For any vy € HY(R3), let po := |1bo|?, Jo := hlm(o Vo), then there exist
(v/p,N) such that (p, J) is a finite energy weak solution for the QHD
system.

Remark

o No further regularity and/or smallness assumptions;

v
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Global existence of F.E.W.S.

Theorem

For any vy € HY(R3), let po := |1bo|?, Jo := hlm(o Vo), then there exist
(v/p,N) such that (p, J) is a finite energy weak solution for the QHD
system.

Remark

o No further regularity and/or smallness assumptions;
e Vacuum (quantized vortices);

v
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Global existence of F.E.W.S.

Theorem

For any vy € HY(R3), let po := |1bo|?, Jo := hlm(o Vo), then there exist
(v/p,N) such that (p, J) is a finite energy weak solution for the QHD
system.

Remark

o No further regularity and/or smallness assumptions;
e Vacuum (quantized vortices);

@ No need to define the velocity field in the vacuum region;

v
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Global existence of F.E.W.S.

Theorem

For any vy € HY(R3), let po := |1bo|?, Jo := hlm(o Vo), then there exist
(v/p,N) such that (p, J) is a finite energy weak solution for the QHD
system.

Remark
o No further regularity and/or smallness assumptions;
e Vacuum (quantized vortices);

@ No need to define the velocity field in the vacuum region;
o No uniqueness!

v
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Analogy with NLS - WKB

h2

{ WDl = 2 a4 ()
¥(0) = vo.

Energy

2
Bl = [ IV + () ox
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Analogy with NLS - WKB

2
{ WDl = 2 a4 ()
¥(0) = vo.
Energy
h2
£l = [ SIV0R + F(1wP) dx
WKB ansatz: 1) = \/ﬁefs/", then (p, S) satisfy
Bep + div(pV'S) = 0

1 2 REAYD
8t5+2|V5| +f'(p) = > p
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WKB ansatz

Bep + div(pVS) = 0

N A NV
05+ IV +(p) = 5 =2
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WKB ansatz

Bep + div(pVS) = 0

h? A\/p

1 2 / _
0:S + SIVSIP+£1(p) = 5 .
u=VS
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WKB ansatz

Bep + div(pVS) = 0

1 2 RPAYD
8t5+2|v5| +f(p) = > p

h? A
u=VS= 0w+ (u-Vu+Vf(p) = ?V (—\/ﬁ)
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WKB ansatz

Bep + div(pVS) = 0

1 2 RPAYD
8t5+2|v5| +f(p) = > p

u=VS= 0w+ (u-Vu+VFf(p) = %2V (%)

J=pu=pVS
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WKB ansatz

Op + div(pVS) =0
1 o BR2AVD
8t5+2|VS| +f(p) = > p
2 A\/—
— /
u=VS= 0w+ (u-V)u+Vf(p) = > (\//_))
J = pu=pVS = (p,J) solves (QHD) & E[¢] = E|[p, J]
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WKB ansatz

Op + div(pVS) =0
1 o BR2AVD
8t5+2|VS| +f(p) = > p
2 A\/—
— /
u=VS= 0w+ (u-V)u+Vf(p) = > (\//_))
J = pu=pVS = (p,J) solves (QHD) & E[¢] = E|[p, J]

2
IV = IV 3l + plVSP = V52 + 'J'
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Mathematical problems of WKB
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Mathematical problems of WKB

e vacuum: WKB ansatz only valid when 9(t, x) # 0 ~» S not defined
in {1 = 0}
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Mathematical problems of WKB

e vacuum: WKB ansatz only valid when 9(t, x) # 0 ~» S not defined
in {1 = 0}

o regularity issue: the set {¢) = 0} when ¢ € H(R3) may be irregular
(Federer, Ziemer)
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Mathematical problems of WKB

e vacuum: WKB ansatz only valid when 9(t, x) # 0 ~» S not defined
in {¢ = 0}

o regularity issue: the set {¢) = 0} when ¢ € H(R3) may be irregular
(Federer, Ziemer)

@ irrotationality: V A u =0, no vortices are taken into account in the
WKB description
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Polar Factorization

V1 € HY(R3), define

P(y) ={¢ € L st [|¢[lt~ < 1,0 = [1h|¢ a.e. R?}.

V ¢ € P(¢), then |¢p| =1 \/pdx-a.e. in R® and it is uniquely defined
Vpdx—a.e. in R3.

Not uniquely defined in {p = 0}!
We call (any) ¢ € P(%) polar factor associated to 1.
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Polar Factorization

V1 € HY(R3), define

P(y) = {p € L st. |[¢]e < 1,0 = )] ae. R?}.
V ¢ € P(¢), then |¢p| =1 \/pdx-a.e. in R® and it is uniquely defined
Vpdx—a.e. in R3,
Not uniquely defined in {p = 0}!
We call (any) ¢ € P(%) polar factor associated to 1.

WKB ansatz: ¢ = \/ﬁeis/h, ~- equations for (p, S)
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Polar Factorization

V1 € HY(R3), define

P(p) = {¢ € L™ st ||¢|l e < 1,9 = ] ae. R}
V ¢ € P(¢), then |¢p| =1 \/pdx-a.e. in R® and it is uniquely defined
Vpdx—a.e. in R3.

Not uniquely defined in {p = 0}!
We call (any) ¢ € P(%) polar factor associated to 1.

WKB ansatz: ¢ = \/ﬁeis/h, ~- equations for (p, S)
Polar factorisation: ¥ = /p¢, ~ (QHD)
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Lemma (Polar factorisation)
Let ¢ € L(R3) be such that i) = |¢)|¢ a.e. and |l Loo(r3y < 1. Then

Vp = Re(¢V¥) a.e., A :=hIm(¢V)) a.e.
and

RRe(VY @ Vi) = B*V\/p@V\/p+ AN a.e.

Furthermore the decomposition is H'—stable, i.e. if {1,} C H}(R3) s.t.

¥, — ¥ in HY, then

V/pn = V/p, Ao — Nin L2(R3).

Remark
o In general we only have ¢, — ¢ weak—x in L*°.
o Ve WEL(R3), Vip =0 a.e. inypL({0}).

loc

v
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QHD through Polar Fact. (Madelung transformation)

Moments associated to the wave function. 1 soln. to NLS
p := [1|? mass density
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QHD through Polar Fact. (Madelung transformation)

Moments associated to the wave function. 1 soln. to NLS
p := [1|? mass density

Oip +div) =0,
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QHD through Polar Fact. (Madelung transformation)

Moments associated to the wave function. 1 soln. to NLS
p := [1|? mass density

Oip +div) =0,

where J := hlm(y)V)) is the current density.
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QHD through Polar Fact. (Madelung transformation)

Moments associated to the wave function. 1 soln. to NLS
p := [1|? mass density

Oip +div) =0,

where J := hlm(y)V)) is the current density.

2
0¢J + 1? div (Re(Vp @ Vb)) + VP(p) = %VAp.
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QHD through Polar Fact. (Madelung transformation)

Moments associated to the wave function. 1 soln. to NLS
p := [1|? mass density

Oip +div) =0,
where J := hlm(y)V)) is the current density.
- h2
0¢J + 1? div (Re(Vp @ Vb)) + VP(p) = 7 VA

We have 7?Re(Vi) ® Vi) = i*V/p @ V/p+ A @ A.
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QHD through Polar Fact. (Madelung transformation)

Moments associated to the wave function. 1 soln. to NLS
p := [1|? mass density

Oip +div) =0,
where J := hlm(y)V)) is the current density.
h2
Ord + divIAN@ A+ 12V /p @ V/p) + VP(p) = 7 VA

We have 7?Re(Vi) ® Vi) = i*V\/p @ V/p+ A @ A.
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QHD through Polar Fact. (Madelung transformation)

Moments associated to the wave function. 1 soln. to NLS
p := [1|? mass density

Oip +div) =0,
where J := hlm(y)V)) is the current density.

h2
O¢d + div(AN@ N) + VP(p) = IVA,O —div(Vy/p® Vy/p).

We have 7?Re(Vi) ® V) = i*V/p @ V/p+ A @ A.
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QHD through Polar Fact. (Madelung transformation)

Moments associated to the wave function. ¥ soln. to NLS
p := |1|? mass density

81“,0 + divJ = 0,
where J := hIm(y)V) is the current density.
h2
Otd + div(A®@ N) + VP(p) = IVA’O —div(V/p ® V/p).
We have h?Re(VY) @ Vi) = 1V \/p@ V/p+ A@ A.

Rigorously: density argument, continuity of NLS w.r.t. initial data, H!
stability of polar factorisation.
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Energy and generalized irrotationality condition

h? 1
EWVAN = [ SIVVAR + 1A + (o) ox
Finite energy weak solutions to (QHD) satisfy

VANJ=2V/pAN, forae. t.

If the solutions are smooth (e.g. the velocity field can be defined), then
the generalized irrotationality condition is equivalent to

pVAu=0, ae.
i.e. the velocity field is irrotational p dx a.e.
G S
!
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Energy and generalized irrotationality condition

h2
EWVAN = [ V0P + F(10f) b
Finite energy weak solutions to (QHD) satisfy

VANJ=2V/pAN, forae. t.

If the solutions are smooth (e.g. the velocity field can be defined), then
the generalized irrotationality condition is equivalent to

pVAu=0, ae.
i.e. the velocity field is irrotational p dx a.e.
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Energy and generalized irrotationality condition

h2
EWVAN = [ IO + F(10f?) dx = Ely]
Finite energy weak solutions to (QHD) satisfy

VANJ=2V/pAN, forae. t.

If the solutions are smooth (e.g. the velocity field can be defined), then
the generalized irrotationality condition is equivalent to

pVAu=0, ae.
i.e. the velocity field is irrotational p dx a.e.
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Energy and generalized irrotationality condition

h2
EWVAN = [ IO + F(10f?) dx = Elvl
Finite energy weak solutions to (QHD) satisfy

VANJ=2V/pAN, forae. t.

If the solutions are smooth (e.g. the velocity field can be defined), then
the generalized irrotationality condition is equivalent to

pVAu=0, ae.
i.e. the velocity field is irrotational p dx a.e.
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Energy and generalized irrotationality condition

h2
EWVAN = [ SIV0 + F(10f?) dx = EL7a. Ao
Finite energy weak solutions to (QHD) satisfy

VANJ=2V/pAN, forae. t.

If the solutions are smooth (e.g. the velocity field can be defined), then
the generalized irrotationality condition is equivalent to

pVAu=0, ae.
i.e. the velocity field is irrotational p dx a.e.
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!
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QHD with collisions

JoJ h? Ap
6J—|—d|v< >+VP +pVV +J= V< )
t P (p)+p P NG
—AV =p

Momentum relaxation term introduced to phenomenologically model
collisions between electrons in the semiconductor device (Blgtekjzer,
Baccarani, Wordeman).

Energy:

Elp, J] = / SV +

dissipates along the flow of solutlons

E(t) // VP gde’ = E(0).

Antonelli, Marcati (GSSI) QHD and Superfluidity 13-02-2016
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The collision term J “destroys” the analogy with NLS,

19 = —%Aw + Vo + F([6[2) + arg ()
— AV = [y?

No good Cauchy theory for this equation.
Previous results for QHD with collisions:

e [Jingel, Mariani Rial, M3AS, 2002]: local existence for regular initial
data, bounded away from zero.

@ [Li, Marcati, CMP, 2004]: local regular solutions, global “subsonic”
solutions.
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Theorem

Let ¢ € HI(R?’) and let py := |’¢0|2, Jo = hIm(lZoV’(bo). Then there
exists a global in time finite energy weak solution (p, J) to the QHD
system with collisions with initial data (po, Jo). The solution satisfies

VP E LRy : HY(R3)),A € L®(Ry; L2(R?)) N L2(Ry; L2(R3))
and
Vp € L9([0, T]; WH(R?)), A € L9([0, T]; L"(R%)),

for any 0 < T < oo, where (q, r) is any arbitrary (Strichartz) admissible
pair for Schrodinger in R3.
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Strategy of proof

O find a sequence of approximate solutions (1/p7,A");
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Strategy of proof

O find a sequence of approximate solutions (1/p7,A");

@ show the sequence converges (compactness);
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Strategy of proof

O find a sequence of approximate solutions (1/p7,A");
@ show the sequence converges (compactness);

@ show the limit is a weak solution to the QHD with collisions
(consistency).
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Strategy of proof

O find a sequence of approximate solutions (1/p7,A");
@ show the sequence converges (compactness);
© show the limit is a weak solution to the QHD with collisions
(consistency).
Difficulties
@ “Good” definition of approximate solutions;

@ Prove sufficient a priori estimates to get the compactness.
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Fractional step

@ solve the QHD without collisions (NLS)
@ update with collisions

updating
‘
NLS

Antonelli, Marcati (GSSI)
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Fractional step

@ solve the QHD without collisions (NLS)
@ update with collisions

updating
‘

NLS

OtJ+J=0

Antonelli, Marcati (GSSI)
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Fractional step

@ solve the QHD without collisions (NLS)

@ update with collisions

N
NLS updating
'

NLS

e +J=0= Jpew =€ "Joig ~ (1 = 7)Joid
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Fractional step

@ solve the QHD without collisions (NLS)

@ update with collisions

N
NLS updating
'

NLS

e +J=0= Jpew =€ "Joig ~ (1 = 7)Joid

Snew = (1 - 7-)Sold7
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Fractional step

@ solve the QHD without collisions (NLS)

@ update with collisions

N
NLS updating
'

NLS

e +J=0= Jpew =€ "Joig ~ (1 = 7)Joid

Shew = (1 - 7')soldv wnew = (¢old)1_T\/ Pold

Antonelli, Marcati (GSSI) QHD and Superfluidity 13-02-2016
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More exactly...
Lemma (Updating)

Let o € HY(R3) and let e,7 > 0 be two arbitrary, small real numbers.
Then there exists 1, € H'(R3) s.t.

Pn = Po, Np = (1_T)Ao+r€7

where
Hr€HL2 < €,
and
T ok
Vo, = Vipo — ’E¢ No + le,rsy
with

[6%lle <1, lrerllz < C(TIVYoll2 + €).

v

Antonelli, Marcati (GSSI) QHD and Superfluidity

13-02-2016 18 / 31



Consistency of the approximate solutions

Proposition

Let us assume there exist
\/_ € Lloc([oa T); Hlloc(R3)) Ae L/oc([oa T) loc(R3))r 0 < T < oo such
that

VT =P in L ([0, T) : Hige(R?))
A" =N in Lloc [O T) L/OC(R3))7
where (\/pT,\") is the sequence of approximate solutions constructed

above. Then (\/p, ) defines a finite energy weak solution to the QHD
system with collisions.
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Compactness of approximate solutions

With the fractional step we get a sequence {¢)"} (and consequently
{(v/p™,\")}). Energy dissipation for approximate solutions:
UL ,
E(0)+3 3 [Ntk b < (14 7).

Up to passing to subsequences,
YT =9 in LP(Ry - HY(R?)).
Not sufficient for the quadratic terms
VVpT @ V/pT + N @ N =Re(VY)™ @ Vi)
Need further compactness: Use dispersion G's
[
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Dispersive estimates for Schrodinger semigroup

Strichartz estimates (Strichartz, Ginibre-Velo, Keel-Tao)
(g, r) are admissible if 2 < g < 00,2 < r <6 and % — % (% 1)

=

JtA
lez 2 Fllgey S I1F1l.2

t .
H/ e2(IRF(s) dsll g1, S IIF ],
A t

Local smoothing estimates (Constantin-Saut, Sjolin, Vega)

€52 ) 2o 2y S 1

t .
(t—s)A
”/0 €2 F(S) dSHLZ([O,T];HL/CZ(R3)) 5 ||F||L%L)2<

G S
B
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Compactness estimates

From the updating Lemma

Vur(e) =10V — i [ AT () (s) o

[t/7]-1

]
(t kr)
e 2 A (¢ N(kT=) + rir)
k=0

IZ
h
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Compactness estimates

From the updating Lemma

Vur(e) =€ 2AV1/10—}3 | AT (0 Py (s) ds
0
i e 2 B (¢f N (kT=) + rer) -
k=0

By Strichartz estimates (with a standard bootstrap argument)

VY| 910 (10, Txr3) < C(Eo, Mo, T)
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B
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Compactness estimates

From the updating Lemma

Vur(e) =10V — i [ AT () (s) o

T[t/T] ! (t kT)
i e 2 A (¢ N(kT=) + rir)
k=0

By Strichartz estimates (with a standard bootstrap argument)
IVl La1g (o, 1xm3y < C(Eo, Mo, T)
and by using this + local smoothing
vaT“L2([O,T]:HI{>/CQ(R3)) < C(EOa MO: T):
G S
forany 0 < T < oo0. B
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Aubin-Lions type lemma

Proposition
Forany 0 < T < o0,

VYT — Vi in L2([0, T]; L2 .(R3)),

up to passing to subsequences. In particular,

Vo = Vp, N = A in L2([0, T]; L3 (R3)).

By the consistency of the sequence of approximate solutions,

(p.J) == ((1/p)?, \/PN) is a finite energy weak solution to the QHD system
with collisions in [0, T] x R3, for any 0 < T < oo.

Thus the global existence theorem follows.
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B
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Superfluidity at finite temperatures (work in progress with
P. Marcati, M. D'Amico)

Normal Normal
Superfluid fluid Superfluid fluid
——
—ve—]
—eee]
Thermal G S
—**** | excitations
wses] [

Helium Il State
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Landau two fluid model

Khalatnikov, An introduction to the theory of Superfluidity
Griffin, Nikuni, Zaremba, Bose-condensed gases at finite temperatures

( 5t,05 + diV(PsVs) =—l12
at(/osVs) + diV(psVs 02y Vs)

1 A/p
+ vPs(ps) + psvvext = E,Osv < \){)E) — Q2

Otpn + div(pavn) = —l21
at(/’)nvn) + diV(PnVn X Vn)

1
+ VPu(pn) + pnV Vext = div <277 <D Vp — 51 TrD v,,>> — @1

entropy eqn.

Superfluidity near the A—point/BEC at finite temperatures. ﬁ S
s i
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Landau two fluid model - (very) simplified

Vet =0, T12 =T21 =0, Q1 =0, Q12 = 2p1(v1 — w).

Antonelli, Marcati (GSSI)

o F
QHD and Superfluidity

@ [o)

S
0



Landau two fluid model - (very) simplified

Vet =0, T12 =T21 =0, Q1 =0, Q12 = 2p1(v1 — Quy).

(Oip1 +divy =0

L (h®h 1 A /p1
O¢J1 +d < ) + VP v (
¢ J1 + div 1(p1) = 5P N

8“02 +d|V(p2V2) 0

Antonelli, Marcati (GSSI) QHD and Superfluidity
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) 1 )
\ Ot(p2v2) + div(pava @ va) + VPa(p2) = nAvs + §77V div vs,
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Landau two fluid model - (very) simplified

Vet =0, T12 =T21 =0, Q1 =0, Q12 = 2p1(v1 — Quy).

(Oip1 +divy =0

(I ®h 1 A /p1 1
P — — _
Orh + div < ) + VPi(p1) = 5PV ( N ) - (1 — mQw)

Orp2 + dIV(p2V2) 0

. 1 .
\ Ot(pava) + div(pava @ va) + VPa(p2) = nAvs + gnv div v,

1 t 1 .
[l + o) acrn [ [ 19iaP o+ 3l diviaP o
0
G S

</1
= 2Pz,o
B
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Landau two fluid model - (very) simplified

Vet =0, T12 =T21 =0, Q1 =0, Q12 = 2p1(v1 — Quy).

(Oip1 +divy =0

(I ®h 1 A /p1 1
P — — _
Orh + div < ) + VPi(p1) = 5PV ( N ) - (1 — mQw)

Orp2 + dIV(p2V2) 0

. 1 .
\ Ot(pava) + div(pava @ va) + VPa(p2) = nAvs + gnv div v,

1 t 1 .
[l + iy acrn [ [ V1P + 3 diviaP o
0
G S

</1
= 2Pz,o
B
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Superfluid part at NLS level

D0t =~ A+ Vo + () (1)

where V s.t. VV = —Qus.
Theorem (Ortner, Siili, 2012)
V = Vi + V,, where

o fora.e t€R, Vo(t) € C®(R3),
o V, e L2W}° and IVoll 2y < |

VVHL%LQ S HV2HL§LQI

Ingredients: GWP for (1), Strichartz and local smoothing estimates for
(1), fractional step.
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Construction of the fundamental solution of the
Schrodinger equation

Theorem (Fujiwara, J. Anal. Math. 1979)

Assume
o VteER, V(t,-) € C®(RY);
o VaeN || >2, SUP(¢ x)erxRre | VOV (t,x)| < C.
Then there exists unitary operator U(t,s) such that U(t,s)f is the
solution to
. 1
iOru = —iAu + Vu
u(s)="f.

Problem: V' is such that V2V € L2L(R x R9)! (work in progress) R
[
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Towards a more realistic two-fluids model...

Equation for the order parameter (Khalatnikov)

. hz / 2 . 1 ih 2 ! 2
00 = 5 B (0w | (<25 =) o+ ()

Total mass and momentum density evolutions

at(ps + Pn) + diV(,OsVs + ann) =0
8t(psVs + ,OnVn) + diV(,OsVs & Vs + pnVn @ vp + PH) =

. 2
div (77 Dv, — 577 div v, I
-++entropy
G S
[
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Conclusions

@ existence of finite energy weak solutions for quantum fluids models:
no further regularity or smallness assumptions;

@ no need to define the velocity field: polar factorisation ~ (/p, \);
@ vacuum ~» quantized vortices;
Future perspectives
@ uniqueness/stability;
@ (more physical) two-fluid models;

@ quantum plasma physics (Quantum MHD).
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