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Many-body system of two species of identical bosons

Hilbert space

Hugmo = Lom(RM dxy . iy ) © L2(R*™, dys . . . dyns,)

=:A sector =:B sector

(Everything generalizes to the n-component case)

Hamiltonian

Ny Ny
Hpy :Z(hl),- + Z Vi(xi — x;) particles of type A
i=1 i<j

+ Z(hg + Z Vo(yr — ys) particles of type B

r<s
A
+ Z Z Via(xi — yr) coupling term
i=1 r=1

E.g. hi,hy = (iV 4+ A2 + Usap, or \/m2+ (iV + A2 + Upap
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Mean-field rescaling

Consider the mean-field limit for large Ny, N> with Ni/N> = const.
Which mean-field scaling?
1 1 1 1

Ny No N+ N, (N1 Np)/2 7

(= kinetic ~ potential ~ O(N;y + N))

Physical heuristics select the choice

N Ny
1

1 Vas(xi — v

+N1+/VQZZ 12(x; — yr)

i=1 r=1
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Partial traces and non-linear dynamics

. ke
Double partial trace ¥n,,n, — 71(V1,I\)lz = Tt vy et Ny [Ny N ) (N, s |

as a trace class operator on L2 (R“. dxi ... dxc) ® Lzym(R%, dyr ... dys)

sym

Double

partial trace K.l N1, N — oo , s ,
Yy (0) ——— 7;\,1,,\)/2(0) — [ @ v (P ® v

Many-body Non-linear
linear dynamics Hartree dynamics
(k. €) ®k @£y, @k ®¢
1/)Nl,Nz(t) ’YleNz(t) I”c ® Ve ><”t ® Vi ‘

Coupled non-linear Hartree system

{iatut = hyue + (Vi # ue|?)ue + e(Vaa * [vel?)ue o e N;
i0ive = hove + (Vo = \vt|2)vt + c1(Vao * \ut\Q)vt TN+ N,

True in the one-component case for a wide class of potentials (Erdés-Yau, Bardos-Golse-Mauser,
Erd8s-Schlein, Knowles-Pickl).
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Our result

Theorem (Michelangeli,O. 2016)

Suppose that
o V, € LPx + L9 for some2 < po < o < 00, a=1,2,12;

@ hi, h2, Hy, n, are self-adjoint and semibounded below;

o the Hartree system is energy well-posed (globally in time) with solutions

(Ut7 Vt).
Then
e (0) = ug " @ v
implies
e%) C(t)
’YN1 N, (8) = |ue @ ve) (ue ® ve|| < NETT

Note: for the technique used here the convergence rate (N; + No)~%/? is

optimal.
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Based upon an adaptation of Pickl's counting method. Define the quantity

a(l’l)(t) =1- <Ut Q Ve, 71(\}17,112/2(t) ur ® Vt>

Look for an estimate

1 Gronwall 1
9,V (1) < oMV (¢ = | Zemel Oy < 0Dy 4 — =
al(e) £ a0 + | g o00(e) < a(0) 4 i

The result then follows since

(1,1) (1,1)
ay y, <Tr <

Ny, Ny

1,1
YR, — lu@ viu® vl

Alessandro Olgiati Effective dynamics for multiple coupled Bose-Einstein condensates



With a simple computation

Ny No

0% = (0, [Humy = D (h)i = 3 (W) 1 = Ju@ V) (u vl ),

i=1 r=1
where
B = b+ Vis [uf’ + Vaa s v B = ho+ Vo x v+ Vip % [uf
4

Cancellation of all single-particle/kinetic terms.
Therefore, allows for great generality of one-body (self-adjoint) hamiltonians

I

Then estimate all terms containing potentials
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Further remarks

@ A complementary result [De Oliveira,Michelangeli 2016]

— more restrictive on hy, hy, V,, and with weaker rate
— focus also fluctuations around Hartree dynamics (Fock space method)

@ Technique expected to reproduce also more singular/realistic scalings (GP
regime)

@ More difficult problem: possibility of transitions between the two particle
populations
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