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Periodic lattices

We can define N-periodic lattice

‘ with M-point unit cell as follows

r=I1,.., M xz".



Periodic operators

Any (bounded) operator
. Q A 3(T) — £3(T)
0 which commutes with all shift op-

erators

is called a periodic operator.



Fourier-Floquet-Bloch transformation

The corresponding transformation based on Fourier series

F2(T) = Liy.m = L2([0, 1V, cM),

(Fu)j(k) = Y € u(j,n)

ncZN

allows us to rewrite our periodic operator A as an operator of
multiplication by a matrix-valued function A

A=FAF 1. L%\I,M — Lym Au = Au.



Periodic operators after F-F-B transformation

A periodic operator A unitarily
equivalent to the following oper-

. Q -
0 o . L%\LM —> L%LM’

Au(k) = Ag(k)u(k)

with some (usually continuous)
M x M matrix-valued function
Ao(k) depending on the "quasi-
momentum” k € [0, 1]V.



Spectrum of periodic operators

For the operator of multiplication by the matrix-valued function
Au(k) = Ag(k)u(k)

the spectrum is just eigenvalues of this matrix for different
quasi-momentums

o(A) = {\: det(Ag(k) — \l) = 0 for some k} =

M
U U k-

J=1 kefo, 1V



Periodic operators with linear defects (N = 2)

In this case our periodic operator

AL — Ly
. Q takes the form

Au = Agu + A;(B1u);

with some (usually continuous)
matrix-valued functions A, B and

)y = /Ol-dkl.



Periodic operators with linear and point defects (N

In this case our periodic operator

A2 2
A . LN,M — LN,M’
. Q takes the form

Au = A0U+A1<Blu>1+A2<Bgu>2

with some (usually continuous)

.... matrix-valued functions A, B and

(Yo = /01 /01 dky dko.



Periodic operator with defects (general case)

In general, a periodic operator with defects is unitarily equivalent
to the operator A : L%\, M L%\, v of the form

Au = Agu + A1<B1u>1 —+ ...+ AN<BNU>N.

with continuous matrix-valued functions A, B and

1 1
{1 _/0 dky, ()j —/0 (-)jdkjt1-

Remark. The spectrum of this operator is
o(A) = {\: A— AT is non— invertible} = {\ : A is non — invertible},

where A has the same form as A but with Ao — Ml instead of Ag.
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Test for invertibility of a periodic operator with defects

Theorem (J. Math. Anal. Appl., 2015)
Step 0. Define mo = det Eg, Eq = Ao.

If o (K°) = 0 for some k° € [0, 1]V then A is non-invertible else define
Ap=A'A;, j=1,..,N.

Step 1. Define m; = det Ei;, E1=1+ <BlA10>1.

If m1(k?) = 0 for some k§ € [0,1]Y~! then A is non-invertible else define
A =Aj — ApET (BiAj)1, j=2,...,N.

Step 2. Define m = det Ex, Ex=1+ <BQA21>2.

If m2(k3) = 0 for some k3 € [0,1]" =2 then A is non-invertible else define
A_,'2 = Aj1 — A21E;1<32Aj1>2, _j =3,...,N.

KKK KKKKK

Step N. Define wn = det E[\/7 Ev=1+ <BNAN’N71>N. If iy =0 then A is
non-invertible else A is invertible.
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Determinants in the case of embedded defects

In this case the operator has a form
A =Ag - +A1()1 + .. + An()n,

where A, does not depend on ki, ..., kp.
Define the matrix-valued integral continued fractions

~1
1\t I

Co = Ao, C1=A1+<A> ; C2=A2+<_1>
o/ A+ (i),

2

andsoon C; =A; + <CI_11>I1 Then

7(A) = det((C4),C)).

Note that if all A; are self-adjoint then A is self-adjoint and all C;
are self-adjoint.  arxiv.org, 2015
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Spectrum of periodic operators with defects

The spectrum of A has the form

N

o(A) = U on, on=A{N: T, =0 for some k},
n=0

where T = mp(A — AT) = mp( A, knt1, -y kn)-

The component og coincides with the spectrum of purely periodic
operator Agu without defects. All components o,, n < N are
continuous, the component oy is discrete.

Also note that o, does not depend on the defects of dimensions
greater than n, i.e. of A1, Bhi1, Apro, Bhio and so on.
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Determinants of periodic operators with defects
For all continuous matrix-valued functions A, B on [0, 1]V of
appropriate sizes introduce
Hn = {.A c A=Ap- —|—A1<Bl->1 —+ ...+ AN<BN'>N} C B(L%V,M)’
& ={AecH: Ais invertible}.

Theorem (arxiv.org, 2015)

The set §) is a non-closed operator algebra. The subset & is a
group. The mapping

w(A) := (mo(A),...,mn(A))

is a group homomorphism between & and Cy x C1 X ... X Cp,
where C, is a group of non-zero continuous functions depending on

(Knt1, - kn) € [0, 1]V

v
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Traces of periodic operators with defects

Define

(A) = fim w(Z + tA) —7r(I)-

t—0 t

Then
Theorem (arxiv.org, 2015)

The following identities are fulfilled
T(A) = (T‘I‘ A07 <’I‘I' B1A1>1a ocag <’I‘I' BNAN>N)7

T(aA+ BB) = ar(A) + 7(B), 1(AoB)=1(BoA),
m(et) =™, w(AoB) = n(A)(B).




Example. Uniform lattice with guide and single defect.

09:00:0:0:0:0
PO
QOO

MU(va)v x =0, y#O U€€2(Z2)
Mu(x,y), otherwise

—(Adise)ulx, y) =

{MU(XJ), x=y=0,
A

After applying Floquet-Bloch transformation it becomes

_ 1 L 1 r1
4(sin27rk1+sin27rk2)ﬁ:)\Ma+/\(MfM)/ ﬁdk1+/\(MfM)/ / irdk; dko
0 0 0
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Example. Uniform lattice with guide and single defect.

.
ooooo

.
ooooo

ooooo

ooooo

For the random uniform distribu-
tion of the masses of the media,
of the guide, and of the point de-
fect (< M) the probability of ex-
istence of the isolated eigenvalue
is exactly

1
21

W

Comput. Mech., 2014
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Wave propagation in the lattice with defects and sources

Wave equation

Adiser Un(t) = S3Un(t) + Y Fur(t)0on, n € 22
n’ eNg

Assuming harmonic sources and applying F-B transformation we obtain
Av = —w’a*S(va) + b*f.

Using determinants we may derive explicit solution of the last equation

v=A"! (—w2a*SG<az > + b*)ﬂ

G = (1+w’AS) "}, A:<aa >

where

A
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Two formulas allows us to recover the

defect properties from the information

+

where

Eur. J. Mech. A-Solid., 2015
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Cloaking device.
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