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The Canonical Functional

F(γ, α, ρ0) = (2π)−3

∫
R3

p2γ(p)dp− TS(γ, α) +
1

2
V̂ (0)ρ2

+ (2π)−3ρ0

∫
R3

V̂ (p) (γ(p) + α(p)) dp

+ (2π)−6 1

2

∫∫
R3×R3

V̂ (p− q) (α(p)α(q) + γ(p)γ(q)) dpdq,

Here V radial, sufficiently fast decaying, sufficiently smooth, and
V, V̂ ≥ 0.
The variational problem is

inf{F(γ, α, ρ0) | ρ0 ≥ 0, γ ≥ 0, α2 ≤ γ(1 + γ)}
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General Results

Theorem (Existence of canonical minimizers)

Given ρ > 0 and T ≥ 0. Under the assumptions on V the
variational problem admits a minimizer (γ, α, ρ0) (which is not
necessarily unique).

Theorem (Equivalence of BEC and superfluidity)

Let (γ, α, ρ0) be a minimizing triple. Then

ρ0 = 0⇐⇒ α ≡ 0.

Theorem (Existence of canonical phase transition)

For fixed ρ > 0 there exist temperatures 0 < T1 < T2 such that
any minimizing triple (γ, α, ρ0)

1 ρ0 = 0 if T ≥ T2;

2 ρ0 > 0 if 0 ≤ T ≤ T1.
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The Free Gas

F0(γ) = (2π)−3

∫
p2γ(p)− Ts(γ(p), 0)dp.

Minimizer

γµ(p) =
1

e(p2−µ)/T − 1
,

ρ = (2π)−3T 3/2

∫
1

e(p2−T−1µ(ρ)) − 1
dp ≤ (8π3/2)−1ζ(3/2)T 3/2 = ρfc,

Minmizing free energy

F0(T, ρ) = (2π)−3T

∫
ln
(

1− e−(p2−µ(ρ))/T
)
dp+ µ(ρ)ρ

F0(T, ρ) = T 5/2f0

(
ρ/T 3/2

)
, µ(ρ) = Tm

(
ρ/T 3/2

)
,

The phase transition is 3rd order:

f0(n) = −
(

8π3/2
)−1

ζ(5/2) + C1[nfc − n]3+ + o([nfc − n]3+)
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The Dilute Limit

The dilute limit ρ1/3a→ 0. The scattering length:

4πa :=

∫
∆w =

1

2

∫
V w,

Scattering solution w determined by

−∆w +
1

2
V w = 0, w(x)→ 1 as |x| → ∞

Apriori estimate
γ ∼ γfree(p) ∼ (ep

2/T − 1)−1

Hence
√
T ∼

(∫
γ(p)dp)

)1/3

∼ ρ1/3 � a−1
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Approximation Errors

E1 =

∣∣∣∣(2π)−3ρ0

∫
γ(p)V̂ (p)dp− V̂ (0)ρ0ργ

∣∣∣∣
E2 =

∣∣∣∣(2π)−3ρ0

∫
γ(p)V̂ w(p)dp− V̂ w(0)ρ0ργ

∣∣∣∣
E3 =

∣∣∣(2π)−6 1

2

∫∫
γ(p)V̂ (p− q)γ(q)dpdq − 1

2
V̂ (0)ρ2γ

− ζ(3/2)ζ(5/2)

256π3
∆V̂ (0)T 4

∣∣∣.
E4 = (2π)−6 1

2

∫∫
(α− α0)(p)V̂ (p− q)(α− α0)(q)dpdq

α0 = (ρ0 + t0)ŵ − (2π)3ρ0δ0 = (2π)3t0δ0 −
ρ0 + t0

2

V̂ w(p)

p2
,

α0 approximation to α, which is actually more complicated near
p = 0 but in the double integral t0δ0 suffices.
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Approximate Functional

We find the approximate functional

Fapp(γ, α, ρ0) = (2π)−3

∫ (
p2 + (ρ0 + t0)V̂ w(p)

)
γ(p)dp

+(2π)−3

∫
(ρ0 + t0)V̂ w(p)α(p)dp− TS(γ, α)

+
1

4
(2π)−3(ρ0 + t0)

2

∫
V̂ w(p)2

p2
dp+ V̂ (0)ρ2

+(12πa− V̂ (0))ρ20 − 8πaρρ0 − 4πat20 − 8πat0(ρ− ρ0)

+
ζ(3/2)ζ(5/2)

256π3
∆V̂ (0)T 4.
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Minimize the approximate functional

We minimize the approximate functional for fixed ρ0 and find

inf F =− (8π3/2)−1ζ(5/2)T 5/2 + V̂ (0)ρ2

+ T 4a3
[

1

8π

(
(σ − k)3

12
− σ2

(1

2
+

1

2 + σ − k

))
−(ν − 8π)

σ2

(8π)2

]
+ o(T 4a3),

where we ignored the last constant in the approximate functional,
which is of order T 4a3. Here ν = V̂ (0)/a > 8π and we have
introduced dimensionless parameters

ρ = ρfc +
k

8π
T 2a, ρ0 =

σ

8π
T 2a

and t0 was determined by the consistency equation

t0 =
2σ

8π(k − σ − 2)
T 2a
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Minimizing over ρ0

We minimize over ρ0, i.e., σ
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Figure: The minimization in σ. ν = 8π, k = −1.35, k = −1.28 and
k = −1.2 (from left to right). For k = −1.28 there are two minimizers:
σ = 0 and σ = 1.83.

Tc = Tfc

(
1 + 1.49(ρ1/3a) + o(ρ

1/3
fc a)

)
.

Monte Carlo for the full many-body problem gives the same with
coefficient 1.3.
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The Free Energy Curve
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Figure: The curve shows the energy/a3T 4 as a function of k (ρ) tilted.
The derivative has a discontinuity at k = −1.28, which corresponds to
the value of k where σ becomes non-zero.
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Thanks

Thanks to the Bressanone 2016 organizers for
a great workshop and to you for being a great
audience.
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